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Abstract

The local well-posedness for the Cauchy problem of systems of two types of

semirelativistic equations in one space dimension is shown.

The first system of semirelativistic equations is shown to be well-posed in the

Sobolev space Hs of order s ≥ 0. We apply the standard contraction mapping

theorem by using a Bourgain type space Xs,b. We also use an auxiliary space

for solutions in the critical space L2 = H0. We show the conservation law of

charge in the framework of Bourgain spaces without approximation procedure

for local solutions. We give the global well-posedness by this conservation law

and the persistence of regularity.

The second system of semirelativistic equations is shown to be global well-

posed in the energy space H1/2. In this case, the gain of regularity from the

Bourgain method is not sufficient. Then, we apply the compactness argument

with the energy conservation law. We use the charge and energy conservation

laws to construct solutions. The continuous dependence of the solutions on time

and initial data is also given.
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Part I

Introduction

We study time local and global well-posedness of the following Cauchy problem for a system of
semirelativistic equations 

i∂tu±
√
m2
u −∆ u = λuv,

i∂tv ±
√
m2
v −∆ v = µu2,

(u(0), v(0)) = (u0, v0),

(NSR)

where u, v are complex valued functions of (t, x) ∈ R × R, ∂t = ∂/∂t, mu,mv ∈ R, λ, µ ∈ C,
∆ = ∂2

x = (∂/∂x)2 is the Laplacian in R, and u is the complex conjugate of u.
The purpose of this paper is to prove the global existence of finite charge or finite energy so-

lutions to (NSR). To motivate our problem, we revisit three equations with regard to relativistic
quantum mechanics: the Klein-Gordon, Dirac, and semirelativistic equation. The Klein-Gorden
equation is the first model to describe relativistic quantum particles. However, since the Klein-
Gordon equation is the second order in time, even the free Klein-Gorden equation does not
admit a positive definite density. The Dirac equation is the second model of relativistic quan-
tum particles. The free Dirac equation has the conserved probability density. However, the
energy of the free Dirac equation is not positive definite for some initial data. The free semirel-
ativistic equation avoid these definiteness problems – namely, it has the conserved probability
density and energy whose sign is independent on the initial data. The semirelativistic equation
is introduced form the Klein-Gordon equation by a formal factorization such as

∂2

∂t2
+m2 −∆ = −

(
i
∂

∂t
±
√
m2 −∆

)(
i
∂

∂t
∓
√
m2 −∆

)
.

Since
√

1−∆ is nonlocal operator, the semirelativistic equation had not been studied well.
In these days, nonlinear semirelativistic equations has been studied in mathematics. For

example, a semirelativistic equation with the Hartree type nonlinearity are regarded as a model
of Boson stars and the well-posedness for the Cauchy problem has been studied. See [4,7,15] and
the references therein. The Semirelativistic equation with power nonlinearity, which we study
in this article, is regarded as a model of interactive relativistic quantum particles. Borgna and
Rial studied the Cauchy problem for a single semirelativistic equation with cubic nonlinearity
in [3] and they proved the existence of local solutions in Hs with s > 1/2, where Hs = (1 −
∆)−s/2L2(R) is the usual Sobolev space. The method of their proof depends essentially on the
Sobolev embedding Hs ↪→ L∞. In the case where s ≤ 1/2, however, the method loses its
meaning because the uniform control by Hs norm breaks down. In the limiting case s = 1/2,
a Vladimirov type argument [20, 21, 24] implies the uniqueness of weak solutions constructed
by a compactness argument, see [14]. Meanwhile, we remark that Strichartz type estimates are
not sufficient for a contraction argument unless the uniform control by Hs norm is available. A
similar situation happens in the case of nonlinear Dirac equations in space dimensions n ≥ 2
[2, 6, 16–18]. We neither can not apply the Delgado-Candy trick which is the special technique
for the Dirac equation in one dimension. This technique depends on algebraic structure of the
Dirac equation to divided solutions into free solution part and uniform bounded part. However,
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the semirelativistic equation does not have the algebraic structure. See [1, 19].
Therefore, it is natural to introduce the Bourgain method or compactness argument to study

(NSR) in Hs with 0 ≤ s ≤ 1/2. The system (NSR) is regarded as a semirelativistic approxima-
tion of the Schrödinger system 

i∂tu+
σ1

2mu

∆u = λuv,

i∂tv +
σ2

2mv

∆v = µu2,

(NS)

where σj ∈ {−1, 1}. We refer the reader to [10–13] for recent results on the Cauchy problem
for (NS). In the case of the Cauchy problem in L2 × L2 for (NS), the signs of σ1, σ2 are not
essential [12], while in this paper the combination (σ1, σ2) = (1,−1) or (−1, 1) is essential in
(NSR) in connection with the quadratic interactions on the right hand sides as far as one tries
to apply the Bourgain method in L2 × L2. Because of this, we divide (NSR) into two cases:

(NSR1)


i∂tu+

√
m2
u −∆ u = λuv,

i∂tv −
√
m2
v −∆ v = µu2,

(u(0), v(0)) = (u0, v0).
and

(NSR2)


i∂tu+

√
m2
u −∆ u = λuv,

i∂tv +
√
m2
v −∆ v = µu2,

(u(0), v(0)) = (u0, v0).

We state our main results. For a, b ∈ R, a ∨ b and a ∧ b are the maximal and minimum,
respectively. For norm spaces X and Y , (x, y) ∈ X × Y , and z ∈ X ∩ Y ,

‖(x, y) : X × Y ‖ = ‖x : X‖+ ‖y : Y ‖, ‖z : X ∩ Y ‖ = ‖z : X‖ ∨ ‖z : Y ‖.

Theorem 1. Let s ≥ 0 and let (u0, v0) ∈ Hs ×Hs. Then, there exists T > 0 and a unique pair
of solutions (u, v) ∈ C([0, T ], Hs × Hs) to (NSR1) . For this pair of solutions, we define the
maximal existence time of solutions T (s) as

T (s) = T (u0, v0, s) = sup
{
T > 0 ; sup

0<t<T

(
‖u(t) : Hs‖+ ‖v(t) : Hs‖

)
<∞

}
.

Then, T (s) = T (0).

Theorem 2. Let λ and µ satisfy λ = cµ with some constant c > 0. Let s ≥ 0. Then, the
solutions of Theorem 1 extend globally.

Theorem 3. Let λ and µ satisfy λ = cµ with some constant c > 0. The Cauchy problem
(NSR2) has a unique pair of solutions (u, v) in C(R, H1/2 ×H1/2) ∩ C1(R, H−1/2 ×H−1/2) for
initial data (u0, v0) ∈ H1/2×H1/2. In addition, let (u0,n, v0,n)n∈Z≥0

be a sequence in H1/2×H1/2

which converges to (u0, v0) in H1/2 ×H1/2. For each n, let (un, vn) is the pair of solutions for
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the initial data (u0,n, v0,n). Then, for any T > 0,∥∥∥(u, v)− (un, vn) : C([0, T ], H1/2 ×H1/2)
∥∥∥→ 0 as n→∞.

We introduce some notation to be used below. For s ∈ R, Ḣs = (−∆)−s/2L2(R) is the
homogeneous Sobolev space of order s. For a function u of two variables (time and space), Fx[u]
denotes the Fourier transform with respect to the space variable x and ũ denotes the Fourier
transform with respect to the space-time variables. We also write f̂ for the Fourier transform of
a one-variable function f . For m, t ∈ R, Um(t) = exp[−it

√
m2 −∆] denotes the free propagator

for the semirelativistic equation

i∂tu−
√
m2 −∆u = 0.

Then, the Cauchy problem for the single equation

i∂tu∓
√
m2 −∆u = f(u), (SSR)

with initial data u(0, ·) = u0 is rewritten in the form of the integral equation

u(t) = Um(±t)u0 − i
∫ t

0

Um(±(t− t′))f(u(t′))dt′,

where f is a complex valued function. Let (·, ·) be the usual L2 inner product. When λ = cµ
with a positive constant c, we define the charge Q of (NSR) as

Q(u, v) =
∥∥u : L2

∥∥2
+ c
∥∥v : L2

∥∥2
.

The rest of this paper is organized as follows. In Part II, we show Theorems 1 and 2 by the
Bourgain method. In Part III, we show Theorem 3 by a compactness argument. From Part IV,
we collect recent works of the author and the supervisor.
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Part II

Study of (NSR1)

1 Introduction

In this part, we prove Theorems 1 and 2. Our proof is based on a Bourgain norm in Xs,b. We
also use the auxiliary norm in Y s defined below especially for the critical case s = 0. We give
several types of bilinear and trilinear estimates by means of those norms, which are applied to
the arguments of the well-posedness and the persistence of regularity T (s) = T (0). Particularly,
we prove that the Hs norms of the solutions never blow up before L2 norms may blow up.

We also observe that it seems difficult to close our contraction mapping argument by using
only Xs,b norms in the critical case s = 0 and to apply this method to (NSR2) . We prove the
fact that the bilinear estimate with Xs,b norms fails in each case. If s > 0, we give a simpler
proof which ensures the contraction argument depending exclusively on Xs,b norms.

Under the constraint λ = cµ with a positive constant c, we show the following conservation
law of charge– namely, the conservation law of the L2 norm :

Q(u(t), v(t)) = Q(u0, v0) (II.1.1)

for any t ∈ R. To prove (II.1.1), we apply the argument by one of us [22], which need not to
take smooth approximations of solutions. Our proof uses only a weak regularity of solutions
guaranteed in the corresponding Bourgain space. All the calculations for (II.1.1) make sense on
the basis of the trilinear estimate given by Proposition 3.11 below. Then, we have the Theorem
2, since T (s) = T (0) by Theorem 1.

For m ≥ 0, a, b ∈ R, T0 ∈ R, and T > 0, we define Bourgain norms

‖u : Xs,b
m,±‖ =

∥∥∥∥〈ξ〉s 〈τ ±√m2 + ξ2
〉b
ũ(τ, ξ) : L2

τL
2
ξ

∥∥∥∥ ,
‖u : Xs,b

m,±[T0, T0 + T ]‖

= inf

{∥∥∥u′ : Xs,b
m,±

∥∥∥ ;
u′(t, x) = u(t, x) on [T0, T0 + T ]× R,
supp u′ ⊂ [T0 − 2T, T0 + 2T ]× R

}
,

‖u : X ′s,bm,±[T0, T0 + T ]‖

= inf
{∥∥∥u′ : Xs,b

m,±

∥∥∥ ;u′(t, x) = u(t, x) on [T0, T0 + T ]× R
}
,

where 〈x〉 = 1 + |x|, and auxiliary norms

‖u : Y s
m,±‖ =

∥∥∥∥〈ξ〉s 〈τ ±√m2 + ξ2
〉−1

ũ : L2
ξL

1
τ

∥∥∥∥ ,
‖u : Y s

m,±[T0, T0 + T ]‖

= inf

{∥∥u′ : Y s
m,±
∥∥ ;

u′(t, x) = u(t, x) on [T0, T0 + T ]× R,
supp u′ ⊂ [T0 − 2T, T0 + 2T ]× R

}
.
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We note ‖u : Xs,b
m,±‖ = ‖u : Xs,b

m,∓‖ and ‖u : Y s
m,±‖ = ‖u : Y s

m,∓‖ for any s, b,m ∈ R. We

abbreviate these spaces as : Xs,b
± = Xs,b

0,±, Y s
± = Y s

0,±. In our proof, the following spaces are basic
for the pair of solutions (u, v):

Xs,b[T0, T0 + T ] = Xs,b
− [T0, T0 + T ]×Xs,b

+ [T0, T0 + T ],

X′s,b[T0, T0 + T ] = X ′s,b− [T0, T0 + T ]×X ′s,b+ [T0, T0 + T ].

We use Xs,b[T0, T0 + T ] for the proof of Theorems 1 and 2. The space X′s,b[T0, T0 + T ] is used
for a simpler proof of the local well-posedness for s > 0 in Section 6. Let ψ be a cut off function,
namely, a smooth function with 0 ≤ ψ ≤ 1, ψ(t) = 1 if |t| ≤ 1 and ψ(t) = 0 if |t| ≥ 2. For
T > 0, ψT (t) = ψ(T−1t).

Remark 1.1. For s, b ≥ 0 , T > 0 and m,T0 ∈ R, function space Xs,b
m,±[T0, T0 +T ] is a quotient

of a closed linear subspace of a weighted L2(R2) by another closed subspace. Since for s, b ≥ 0,
functions whose support is restricted on a subset of R × R compose a closed linear subspace
on Xs,b

m,± because L2(R2) is continuously embedded into them. Then, ‖· : Xs,b
m,±[T0, T0 + T ]‖ is a

quotient norm and Xs,b
m,±[T0, T0+T ] is a Banach space as long as for s, b ≥ 0. However, we use the

notation of ‖· : Xs,b
m,±[T0, T0 + T ]‖ even if b < 0. We also use the notation ‖· : Y s

m,±[T0, T0 + T ]‖,
even when ‖· : Y s

m,±[T0, T0 + T ]‖ is only a seminorm.

We give a brief outline of the remainder of this part. We prepare the linear and bilinear esti-
mates in Sections 2 and 3, respectively. The reason why the Bourgain method is not applicable
to (NSR2) is also shown in Section 3. We give the proof of Theorem 1 in Section 4. We describe
the proof of the L2 conservation law (II.1.1) and Theorem 2 in Section 5. We give a simpler
proof of the local existence in the case s > 0 and we show that the bilinear estimate fails with
s = 0 in Section 6.

2 Linear Estimates

Here we collect some basic estimates. We consider the single equations

i∂tu∓
√
m2 −∆u = f(u), (II.2.1)

where u and f are complex valued functions. The Cauchy problem for (II.2.1) with initial data
u(0, ·) = u0 is rewritten in the form of the integral equations

u(t) = Um(±t)u0 − i
∫ t

0

Um(±(t− t′))f(u(t′))dt′.

To state the proof of our theorems, the following basic estimates are necessary.

Lemma 2.1 ( [9, (2.19)]). Let m ∈ R. For any s, b ≥ 0 and u0 ∈ Hs,

‖ψ(·)Um(±t)u0 : Xs,b
m,±‖ = ‖ψ : Hb‖‖u0 : Hs‖. (II.2.2)
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In addition, for any 0 < T < 1,

‖ψT (·)Um(±t)u0 : X
s,1/2
m,± ‖ . ‖u0 : Hs‖. (II.2.3)

proof. The equality (II.2.2) is easily seen. The estimate (II.2.3) follows form scaling invariance
of Ḣ1/2. Q.E.D.

Proposition 2.2 ( [9, Lemma 2.1.]). Let m ∈ R, 0 < T ≤ 1 and let s ≥ 0. Then,∥∥∥∥ψT (·)
∫ ·

0

Um(±(· − t′))F (t′) dt′ : X
s,1/2
m,±

∥∥∥∥ . ‖F : X
s,−1/2
m,± ∩ Y s

m,±‖ (II.2.4)

for F ∈ Xs,−1/2
m,± ∩ Y s

m,±. In addition, let δ ≥ 0 and b satisfy −1/2 < b− 1 + δ ≤ 0 ≤ b. Then,∥∥∥∥ψT (·)
∫ ·

0

Um(±(· − t′))F (t′) dt′ : Xs,b
m,±

∥∥∥∥ . T δ‖F : Xs,b−1+δ
m,± ‖ (II.2.5)

for F ∈ Xs,b−1+δ
m,± .

Lemma 2.3 ( [9, Lemma 2.2.]). Let m ∈ R. If F ∈ Y s
m,±, then

∫ ·
0
Um(·− t′)F (t′)dt′ ∈ C(R : Hs)

and it satisfies the estimate∥∥∥∥∫ ·
0

Um(±(· − t′))F (t′)dt′ : C(R : Hs)

∥∥∥∥ . ‖F : Y s
m,±‖.

To extract a positive power of T , we use the following lemma.

Lemma 2.4 ( [9, Lemma 3.1.]). Let s ∈ R, 0 ≤ b ≤ b′, T > 0 and let f ∈ Xs,b′

± satisfy
suppf ⊂ [−T, T ]× R. Then,

‖f : Xs,b
± ‖ . T γ(b′,b)‖f : Xs,b′

± ‖,

where

γ(b′, b) =


b′ − b if b′ < 1/2,

b′ − b+ ε if b′ = 1/2,

1/2− b/2b′ if b′ > 1/2

with ε > 0 sufficiently small.

proof. By the Hölder inequality,∥∥∥〈ξ〉s 〈τ ± |ξ|〉b f̃ : L2
τL

2
ξ

∥∥∥
≤
∥∥∥∥{〈ξ〉s 〈τ ± |ξ|〉b′ f̃}b/b′ : L2b′/b

τ L
2b′/b
ξ

∥∥∥∥∥∥∥∥{〈ξ〉s f̃}1−b/b′
: L2b′/(b′−b)

τ L
2b′/(b′−b)
ξ

∥∥∥∥
=
∥∥∥f : Xs,b′

±

∥∥∥b/b′ ∥∥∥〈ξ〉s f̃ : L2
τL

2
ξ

∥∥∥1−b/b′
.
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If b′ > 1/2, then ∥∥〈ξ〉s Fx[f ] : L2
ξL

2
t

∥∥ . T 1/2‖ 〈ξ〉s Fx[f ] : L2
ξL
∞
t ‖

≤ T 1/2‖ 〈ξ〉s f̃ : L2
ξL

1
τ‖

. T 1/2‖f : Xs,b′

± ‖.

Moreover, if b′ < 1/2, then by the unitarity of U0 and the Sobolev embedding,∥∥〈ξ〉s Fx[f ] : L2
tL

2
ξ

∥∥
= ‖ 〈ξ〉s Fx[U0(±t)f ] : L2

ξL
2
t‖

. T b
′
∥∥∥〈ξ〉s Fx[U0(±t)f ] : L2

ξL
2/(1−2b′)
t

∥∥∥
. T b

′‖ 〈ξ〉s Fx[U0(±t)f ] : L2
ξH

b′

t ‖ = T b
′‖f : Xs,b′

± ‖.

In the case b′ = 1/2, for any ε > 0,

‖ 〈ξ〉s Fx[f ] : L2
tL

2
ξ‖ . T 1/2−ε

∥∥∥f : X
s,1/2−ε
±

∥∥∥ ≤ T 1/2−ε
∥∥∥f : X

s,1/2
±

∥∥∥ .
Q.E.D.

3 Bilinear and Trilinear Estimates

In this section, we derive nonlinear estimates for Xs,b
m,± and Y s

m,± by the method originally
proposed in [23]. Due to the next lemma, we may put mu = mv = 0 with respect to the
Bourgain and auxiliary norms without loss of generality.

Lemma 3.1. For any m,M ∈ R, Xs,b
m,± ' Xs,b

M,±, Y s
m,± ' Y s

M,± with equivalent norms.

proof. The lemma follows from the following inequality;〈
τ ±

√
m2 + ξ2

〉
〈
τ ±

√
M2 + ξ2

〉 ≤ 1 +

∣∣∣∣∣∣
〈
τ +

√
m2 + ξ2

〉
−
〈
τ +

√
M2 + ξ2

〉
〈
τ ±

√
M2 + ξ2

〉
∣∣∣∣∣∣

= 1 +

∣∣∣∣|τ ±√m2 + ξ2| − |τ ±
√
M2 + ξ2|

∣∣∣∣〈
τ ±

√
M2 + ξ2

〉
≤ 1 + |m−M |

for any τ ∈ R. Q.E.D.

In addition, we need the following bilinear estimates for Sobolev norms.

Lemma 3.2. Let α, β, γ ∈ R. Then, the inequality

‖uv : H−α‖ . ‖u : Hβ‖‖v : Hγ‖

7



holds if and only if

α + β + γ ≥ 1

2
and α + β, β + γ, γ + α > 0

or

α + β + γ >
1

2
and α + β, β + γ, γ + α ≥ 0.

Lemma 3.3. Let p ≥ 1 and let α, β, γ ≥ 0 satisfy α + β + γ > 1/p. Then, there exists a
positive constant C such that the inequality∥∥〈τ + δ1〉−α f ∗ g : Lpτ

∥∥ ≤ C‖ 〈τ + δ2〉β f : L2
τ‖‖ 〈τ + δ3〉γ g : L2

τ‖

holds for any real numbers δ1, δ2, δ3 and any f , g such that all the norms on the right hand
side are finite.

proof. By the Hölder and Young inequalities,∥∥〈τ + δ1〉−α f ∗ g(τ) : Lpτ
∥∥ . ∥∥f ∗ g : Lp(α+β+γ)/(β+γ)

∥∥
. ‖ 〈τ + δ2〉β f(τ) : L2

τ‖‖ 〈τ + δ3〉γ g(τ) : L2
τ‖

from which we obtain the lemma. Q.E.D.

Lemma 3.4. Let p and α satisfy p ≥ 1 and 0 ≤ α ≤ 1/p. Let β, γ, κ satisfy 0 ≤ β, γ, κ ≤ 1/2
and α+β+ γ+κ > 1/p+ 1/2. Then, there exists a positive constant C such that the inequality∥∥〈τ + δ1〉−α f ∗ g ∗ h : Lpτ

∥∥
≤ C‖ 〈τ + δ2〉β f : L2

τ‖‖ 〈τ + δ3〉γ g : L2
τ‖‖ 〈τ + δ4〉κ h : L2

τ‖

holds for any real numbers δ1, δ2, δ3, δ4 and any f , g, h such that all the norms on the right hand
side are finite.

proof. Let ε = α + β + γ + κ− 1/p− 1/2. By the Hölder and the Young inequalities,∥∥〈τ + δ1〉−α f ∗ g ∗ h : Lpτ
∥∥

. ‖f ∗ g ∗ h : Lp1‖

. ‖f : Lp2‖ ‖g ∗ h : Lp3‖

. ‖f : Lp2‖ ‖g : Lp4‖ ‖h : Lp5‖

. ‖ 〈τ + δ2〉β f : L2
τ‖‖ 〈τ + δ3〉γ g : L2

τ‖‖ 〈τ + δ4〉κ h : L2
τ‖,
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where

1

p1

=
1

p
− α +

αε

α + β + γ + κ
,

1

p2

=
1

2
+ β − βε

α + β + γ + κ
,

1

p3

=
1

p1

+ 1− 1

p2

,

1

p4

=
1

2
+ γ − γε

α + β + γ + κ
,

1

p5

=
1

2
+ κ− κε

α + β + γ + κ

from which we obtain the lemma. Q.E.D.

For s ≥ 0, we define λ(s) as

λ(s) =

{
0 if s < 1/2,

s− 1/2 + ε if s ≥ 1/2,
(II.3.1)

where ε > 0 is sufficiently small. Here we state our main nonlinear estimates.

Proposition 3.5. Let s ≥ 0 and 0 ≤ ρ < 1/2. Then, the inequality∥∥∥uv : X
s,−1/2
+ ∩ Y s

+

∥∥∥
.
∥∥∥u : X

λ(s),1/2
−

∥∥∥∥∥∥v : X
s,1/2−ρ
−

∥∥∥+
∥∥∥u : X

λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥ (II.3.2)

holds for any u ∈ Xλ(s),1/2
− and v ∈ Xs,1/2

− .

We remark that the regularity λ(s) in the both terms of u on the right hand side is less than
the regularity s on the left hand side. Therefore, the estimate (II.3.2) with s > 0 does not
follow directly from (II.3.2) with s = 0 and the Peetre’s inequality: 〈ξ〉s′ . (〈ξ − η〉s′ + 〈η〉s′)
for s′ ≥ 0. We can exchange the smoothness with respect to the space-time variables into the
smoothness with respect to the space variable by using (II.3.3) from the nice combination of
signs ± in (II.3.2). This technique is found in Lemma 5 of [23].

The symmetry inequality∥∥∥uv : X
s,−1/2
− ∩ Y s

−

∥∥∥
.
∥∥∥u : X

λ(s),1/2
+

∥∥∥∥∥∥v : X
s,1/2−ρ
+

∥∥∥+
∥∥∥u : X

λ(s),1/2−ρ
+

∥∥∥∥∥∥v : X
s,1/2
+

∥∥∥
holds by (II.3.2) with taking complex conjugate of u and v.
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proof. It is enough to show∥∥∥uv : X
s,−1/2
+

∥∥∥
.
∥∥∥u : X

λ(s),1/2
−

∥∥∥∥∥∥v : X
s,1/2−ρ
−

∥∥∥+
∥∥∥u : X

λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥
and ∥∥uv : Y s

+

∥∥ . ∥∥∥u : X
λ(s),1/2
−

∥∥∥∥∥∥v : X
s,1/2−ρ
−

∥∥∥+
∥∥∥u : X

λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥ .
Let

M(τ, ξ, σ, η) =
∣∣∣τ + |ξ|

∣∣∣ ∨ ∣∣∣τ − σ − |ξ − η|∣∣∣ ∨ ∣∣∣σ − |η|∣∣∣.
Then, the triangle inequality implies

|ξ|+ |ξ − η|+ |η| ≤ 3M(τ, ξ, σ, η). (II.3.3)

Also, we decompose the integral region as follows

A1 =
{

(τ, ξ, σ, η) ; M(τ, ξ, σ, η) =
∣∣∣τ + |ξ|

∣∣∣} ,
A2 =

{
(τ, ξ, σ, η) ; M(τ, ξ, σ, η) =

∣∣∣τ − σ − |ξ − η|∣∣∣} ,
A3 =

{
(τ, ξ, σ, η) ; M(τ, ξ, σ, η) =

∣∣∣σ − |η|∣∣∣} .
(a) X norm estimate with s > 0.

By the Minkowski inequality,∥∥∥∥〈ξ〉s ∫∫ 〈τ + |ξ|〉−1/2 χA1 ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη : L2
τL

2
ξ

∥∥∥∥
.

∥∥∥∥∫ 〈ξ〉s−1/2 I1(ξ, η) dη : L2
ξ

∥∥∥∥ ,
where

I1(ξ, η) =

∥∥∥∥∫ ∣∣∣ũ(τ − σ, ξ − η) ṽ(σ, η)
∣∣∣ dσ : L2

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉1/2 ṽ(τ, η) : L2
τ

∥∥∥
by Lemma 3.3. Since

1

2
− s+ λ(s) + s ≥ 1

2
,

1

2
− s+ λ(s) > 0,
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and Lemma 3.2,∥∥∥∥∫ 〈ξ〉s−1/2 I1(ξ, η) dη : L2
ξ

∥∥∥∥ . ∥∥∥u : X
λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥ .
Similarly, for j = 2, 3,∥∥∥∥〈ξ〉s ∫∫ 〈τ + |ξ|〉−1/2 χAj ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη : L2

τL
2
ξ

∥∥∥∥
.

∥∥∥∥∫ 〈ξ〉s−1/2 Ij(ξ, η) dη : L2
ξ

∥∥∥∥ ,
where

I2(ξ, η) =

∥∥∥∥〈τ + |ξ|〉−1/2

∫
〈τ − σ − |ξ − η|〉1/2

∣∣∣ũ(τ − σ, ξ − η) ṽ(σ, η)
∣∣∣ dσ : L2

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉1/2 ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉1/2−ρ ṽ(τ, η) : L2
τ

∥∥∥ ,
I3(ξ, η) =

∥∥∥∥〈τ + |ξ|〉−1/2

∫
〈σ − |η|〉1/2

∣∣∣ũ(τ − σ, ξ − η) ṽ(σ, η)
∣∣∣ dσ : L2

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉1/2 ṽ(τ, η) : L2
τ

∥∥∥
by Lemma 3.3. Then, for j = 2, 3, we obtain by Lemma 3.2∥∥∥∥∫ 〈ξ〉s−1/2 Ij : L2

ξ

∥∥∥∥
.
∥∥∥u : X

λ(s),1/2
−

∥∥∥∥∥∥v : X
s,1/2−ρ
−

∥∥∥+
∥∥∥u : X

λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥ .
(b) X norm estimate with s = 0.

By Lemmas 3.2 and 3.3,∥∥∥uv : X
0,−1/2
+

∥∥∥
.

3∑
j=1

∥∥∥∥∫ 〈ξ〉−1/4 〈η〉−1/4 Ij(ξ, η) dη : L2
ξ

∥∥∥∥
.
∥∥∥u : X

0,1/2
−

∥∥∥∥∥∥v : X
0,1/2−ρ
−

∥∥∥+
∥∥∥u : X

0,1/2−ρ
−

∥∥∥∥∥∥v : X
0,1/2
−

∥∥∥ ,
where I1, I2 and I3 are defined as in the case (a).
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(c) Y norm estimate with s > 0.

By the Minkowski inequality,∥∥∥∥〈ξ〉s ∫∫ 〈τ + |ξ|〉−1 χA1 ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη : L2
ξL

1
τ

∥∥∥∥
.

∥∥∥∥∫ 〈ξ〉s−1/2 J1(ξ, η) dη : L2
ξ

∥∥∥∥ ,
where

J1(ξ, η) =

∥∥∥∥〈τ + |ξ|〉−1/2

∫ ∣∣∣ũ(τ − σ, ξ − η) ṽ(σ, η)
∣∣∣ dσ : L1

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉1/2 ṽ(τ, η) : L2
τ

∥∥∥
by Lemma 3.3. Then, we obtain∥∥∥∥∫ 〈ξ〉s−1/2 J1(ξ, η) dη : L2

ξ

∥∥∥∥ . ∥∥∥u : X
λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥
by Lemma 3.2. Similarly, for j = 2, 3,∥∥∥∥∫∫ 〈τ + |ξ|〉−1 χAj ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη : L2

ξL
1
τ

∥∥∥∥
.

∥∥∥∥∫ 〈ξ〉s−1/2 Jj(ξ, η) dη : L2
ξ

∥∥∥∥ ,
where

J2(ξ, η) =

∥∥∥∥〈τ + |ξ|〉−1

∫
〈τ − σ − |ξ − η|〉1/2

∣∣∣ũ(τ − σ, ξ − η) ṽ(σ, η)
∣∣∣ dσ : L1

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉1/2 ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉1/2−ρ ṽ(τ, η) : L2
τ

∥∥∥ ,
J3(ξ, η) =

∥∥∥∥〈τ + |ξ|〉−1

∫
〈σ − |η|〉1/2

∣∣∣ũ(τ − σ, ξ − η)ṽ(σ, η)
∣∣∣ dσ : L1

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉1/2−ρ ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉1/2 ṽ(τ, η) : L2
τ

∥∥∥ .
Then, we obtain∥∥∥∥∫ 〈ξ〉s−1/2 Jj(ξ, η) dη : L2

ξ

∥∥∥∥
.
∥∥∥u : X

λ(s),1/2
−

∥∥∥∥∥∥v : X
s,1/2−ρ
−

∥∥∥+
∥∥∥u : X

λ(s),1/2−ρ
−

∥∥∥∥∥∥v : X
s,1/2
−

∥∥∥
from Lemma 3.2.
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(d) Y norm estimate with s = 0.

By Lemmas 3.2 and 3.3,∥∥uv : Y 0
+

∥∥
.

3∑
j=1

∥∥∥∥∫ 〈ξ〉−1/4 〈η〉−1/4 Jj(ξ, η) dη : L2
ξ

∥∥∥∥
.
∥∥∥u : X

0,1/2
−

∥∥∥∥∥∥v : X
0,1/2−ρ
−

∥∥∥+
∥∥∥u : X

0,1/2−ρ
−

∥∥∥∥∥∥v : X
0,1/2
−

∥∥∥ ,
where J1, J2 and J3 are defined as in the case (c).

Q.E.D.

Remark 3.6. Proposition 3.5 is almost optimal. See Proposition 6.1 and Corollary 6.3.

Remark 3.7. The trick of exchanging smoothness is not applicable to the bilinear estimates
Xs,b−1

+ ↪→ Xs,b
+ Xs,b

± and Xs,b−1
− ↪→ Xs,b

− X
s,b
± which one needs to use the Bourgain method for

(NSR2) . In addition, the bilinear estimates Xs,b−1
+ ↪→ Xs,b

+ Xs,b
± and Xs,b−1

− ↪→ Xs,b
− X

s,b
± fail for

s ≥ 1/2 and any b ∈ R. For any s ≤ 1/2 and b ∈ R, let ũ± = 〈τ ± ξ〉−b−1〈ξ〉−s−1/2 log〈ξ〉−3/4.

Then, u± ∈ Xs,b
± and

‖u+u± : Xs,b
+ ‖ = ‖u−u± : Xs,b

− ‖ =∞.

These estimates are calculated as follows:

‖u+u+ : Xs,b
+ ‖

=

∥∥∥∥〈ξ〉s〈τ + |ξ|〉b−1

∫∫
〈τ − σ + |ξ − η|〉−1〈σ + |η|〉−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη : L2L2

∥∥∥∥
≥
∥∥∥∥〈ξ〉s〈τ + ξ〉b−1

∫ ξ

0

∫ η+1

η−1

〈τ − σ + ξ − η〉−1〈σ + η〉−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη : L2
ξ≥2L

2
ξ−1≤τ≤ξ+1

∥∥∥∥
&

∥∥∥∥〈ξ〉−1/2 log〈ξ〉−3/4

∫ ξ

0

〈η〉−1 log〈η〉−3/4dη : L2
ξ≥2

∥∥∥∥
&

∥∥∥∥〈ξ〉−1/2 log〈ξ〉−1/2 : L2
ξ≥2

∥∥∥∥ =∞,
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‖u+u− : Xs,b
+ ‖

=

∥∥∥∥〈ξ〉s〈τ + |ξ|〉b−1

∫∫
〈τ − σ + |ξ − η|〉−1〈σ − |η|〉−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη : L2L2

∥∥∥∥
≥
∥∥∥∥〈ξ〉s〈τ + ξ〉b−1

∫ 0

−ξ

∫ η+1

η−1

〈τ − σ + ξ − η〉−1〈σ + η〉−1

· 〈ξ − η〉−s−1/2 log〈ξ − η〉−3/4〈η〉−s−1/2 log〈η〉−3/4dσdη : L2
ξ≥2L

2
ξ−1≤τ≤ξ+1

∥∥∥∥
&

∥∥∥∥〈ξ〉−1/2 log〈ξ〉−3/4

∫ ξ

0

〈η〉−1 log〈η〉−3/4dη : L2
ξ≥2

∥∥∥∥ =∞,

and the remainders are estimated similarly.

Corollary 3.8. Let s ≥ 0, 0 ≤ ρ < 1/2 and let T > 0. Then,∥∥∥uv : X
s,−1/2
± ∩ Y s

±

∥∥∥ . T ρ
∥∥∥u : X

λ(s),1/2
∓

∥∥∥∥∥∥v : X
s,1/2
∓

∥∥∥ (II.3.4)

for any u ∈ Xλ(s),1/2
∓ and v ∈ Xs,1/2

∓ such that supp u, supp v ⊂ [−T, T ]× R.

proof. By Proposition 3.5 and Lemma 2.4, we obtain (II.3.4).
Q.E.D.

The following bilinear estimate shall be used in Section 6.

Proposition 3.9. Let ε > 0, ρ ≥ 0, b, δ ∈ R satisfy

1 + b− δ > 1

2
+ ε+ ρ,

b+ δ + ε, ρ+ δ + ε ≤ 1,

b− ε, b− ρ ≥ 0,

s+ ε ≥ 1/2.

Then, ∥∥∥uv : Xs,b−1+δ
±

∥∥∥ . ∥∥∥u : Xs,b
∓

∥∥∥ ∥∥∥v : Xs,b−ρ
∓

∥∥∥+
∥∥∥u : Xs,b−ρ

∓

∥∥∥ ∥∥∥v : Xs,b
∓

∥∥∥ (II.3.5)

for any u, v ∈ Xs,b
∓ .

proof. We use the same notation as in the proof of Proposition 3.5. Since |ξ|, |ξ − η|, |η| ≤
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3M(τ, ξ, σ, η) and Lemma 3.3,∥∥∥∥〈ξ〉s ∫∫ 〈τ + |ξ|〉b−1+δ χA1 ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη : L2
τL

2
ξ

∥∥∥∥
.

∥∥∥∥∫ 〈ξ〉s−ε/3 〈ξ − η〉−ε/3 〈η〉−ε/3K1 dη : L2
ξ

∥∥∥∥ ,
where

K1 =

∥∥∥∥〈τ + |ξ|〉b−1+δ+ε

∫
|ũ(τ − σ, ξ − η) ṽ(σ, η)| dσ : L2

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉b−ρ ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉b ṽ(τ, η) : L2
τ

∥∥∥ .
Similarly, for j = 2, 3,∥∥∥∥〈ξ〉s ∫∫ 〈τ + |ξ|〉b−1+δ χAj ũ(τ − σ, ξ − η) ṽ(σ, η) dσdη : L2

τL
2
ξ

∥∥∥∥
.

∥∥∥∥∫ 〈ξ〉s−ε/3 〈ξ − η〉−ε/3 〈η〉−ε/3Kj dη : L2
ξ

∥∥∥∥ ,
where

K2 =

∥∥∥∥〈τ + |ξ|〉b−1+δ

∫
〈τ − |ξ − η|〉ε |ũ(τ − σ, ξ − η) ṽ(σ, η)| dσ : L2

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉b ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉b−ρ ṽ(τ, η) : L2
τ

∥∥∥ ,
K3 =

∥∥∥∥〈τ + |ξ|〉b−1+δ

∫
|ũ(τ − σ, ξ − η) 〈τ − |η|〉ε ṽ(σ, η)| dσ : L2

τ

∥∥∥∥
.
∥∥∥〈τ − |ξ − η|〉b−ρ ũ(τ, ξ − η) : L2

τ

∥∥∥ ∥∥∥〈τ − |η|〉b ṽ(τ, η) : L2
τ

∥∥∥ .
We obtain (II.3.5) by Lemma 3.2.

Q.E.D.

Remark 3.10. b = 1/2 , δ = 0 , ε = 1/2 are the only numbers that ensures (II.3.5) for s = 0.
See Proposition 6.1.

The next trilinear estimate shall be used to prove Theorem 2 in Section 5.

Proposition 3.11. ∥∥〈τ〉−1 ũ(σ − ρ, ξ − η)ṽ(ρ, η)w̃(τ − σ, ξ) : L1
τL

1
ξL

1
σL

1
ρL

1
η

∥∥
.
∥∥∥u : X

0,1/2
±

∥∥∥∥∥∥v : X
0,1/2
±

∥∥∥∥∥∥w : X
0,1/2
±

∥∥∥ (II.3.6)

for any u, v, w ∈ X0,1/2
± .
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proof. Let

N(τ, ξ, σ, ρ, ε) =
∣∣∣τ ∣∣∣ ∨ ∣∣∣σ − ρ± |ξ − η|∣∣∣ ∨ ∣∣∣ρ± |η|∣∣∣ ∨ ∣∣∣τ − σ ± |ξ|∣∣∣.

Then, we have |ξ|+ |ξ − η|+ |η| ≤ 4N . We also separate the integral region as follows

B1 =
{

(τ, σ, ξ, ρ, η) ;N(τ, ξ, σ, ρ, ε) =
∣∣∣τ ∣∣∣},

B2 =
{

(τ, σ, ξ, ρ, η) ;N(τ, ξ, σ, ρ, ε) =
∣∣∣σ − ρ± |ξ − η|∣∣∣},

B3 =
{

(τ, σ, ξ, ρ, η) ;N(τ, ξ, σ, ρ, ε) =
∣∣∣σ ± |η|∣∣∣},

B4 =
{

(τ, σ, ξ, ρ, η) ;N(τ, ξ, σ, ρ, ε) =
∣∣∣τ − σ ± |ξ|∣∣∣}.

By Lemmas 3.2, 3.4 and the Hölder inequality,∥∥χB1 〈τ〉
−1 ũ(σ − ρ, ξ − η)ṽ(ρ, η)w̃(τ − σ, ξ) : L1

τL
1
ξL

1
σL

1
ρL

1
η

∥∥
.
∥∥∥〈τ〉−1/2 〈ξ〉−1/4 〈η〉−1/4

ũ(σ − ρ, ξ − η)ṽ(ρ, η)w̃(τ − σ, ξ) : L1
τL

1
ξL

1
σL

1
ρL

1
η

∥∥
.
∥∥∥〈ξ〉−1/4 〈η〉−1/4

∥∥∥〈τ ± |ξ − η|〉1/2 ũ(τ, ξ − η) : L2
τ

∥∥∥∥∥∥〈τ ± |η|〉1/2 ṽ(τ, η) : L2
τ

∥∥∥ : L2
ξ(L

1
η)
∥∥∥∥∥∥〈τ ± |ξ|〉1/2 w̃(τ, ξ) : L2

τL
2
ξ

∥∥∥
.
∥∥∥u : X

0,1/2
±

∥∥∥∥∥∥v : X
0,1/2
±

∥∥∥∥∥∥w : X
0,1/2
±

∥∥∥ .
Moreover, ∥∥χB2 〈τ〉

−1 ũ(σ − ρ, ξ − η)ṽ(ρ, η)w̃(τ − σ, ξ) : L1
τL

1
ξL

1
σL

1
ρL

1
η

∥∥
.
∥∥∥〈τ〉−1 〈ξ〉−1/4 〈η〉−1/4 〈σ − ρ± |ξ − η|〉1/2

ũ(σ − ρ, ξ − η)ṽ(ρ, η)w̃(τ − σ, ξ) : L1
τL

1
ξL

1
σL

1
ρL

1
η

∥∥
.
∥∥∥〈ξ〉−1/4 〈η〉−1/4

∥∥∥〈τ ± |ξ − η|〉1/2 ũ(τ, ξ − η) : L2
τ

∥∥∥∥∥∥〈τ ± |η|〉1/2 ṽ(τ, η) : L2
τ

∥∥∥ : L2
ξ(L

1
η)
∥∥∥∥∥∥〈τ ± |ξ|〉1/2 w̃(τ, ξ) : L2

τL
2
ξ

∥∥∥
.
∥∥∥u : X

0,1/2
±

∥∥∥∥∥∥v : X
0,1/2
±

∥∥∥∥∥∥w : X
0,1/2
±

∥∥∥ .
The other integrations are estimated similarly. Q.E.D.

4 Proof of Theorem 1

We separate the proof for the existence and for the persistence of regularity.
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4.1 Proof of Existence

Let s ≥ 0, (u0, v0) ∈ Hs ×Hs and let 0 < T ≤ 1. We define Φ : (u, v) 7→ (Φ1(u, v), Φ2(u, v)) as
(Φ1(u, v))(t) = Umu(−t)u0 − iλ

∫ t

0

Umu(t′ − t) u(t′) v(t′)dt′,

(Φ2(u, v))(t) = Umv(t)v0 − iµ
∫ t

0

Umv(t− t′) u(t′)2dt′.

(II.4.1)

We also define a metric space

Bs(R, [0, T ]) =
{

(u, v) ∈Xs,1/2[0, T ] ;
∥∥(u, v) : Xs,1/2[0, T ]

∥∥ ≤ R
}

with metric

ds( (u1, v1), (u2, v2) ) =
∥∥(u1, v1)− (u2, v2) : Xs,1/2[0, T ]

∥∥
=
∥∥∥u1 − u2 : X

s,1/2
− [0, T ]

∥∥∥+
∥∥∥v1 − v2 : X

s,1/2
+ [0, T ]

∥∥∥ .
We see (Bs(R, [0, T ]), ds) is a complete metric space for any s ≥ 0. We prove that Φ is a
contraction map on Bs(R, [0, T ]) for sufficiently large R and sufficiently small T .

Let (u, v) ∈ Bs(R, [0, T ]) and let (u′, v′) ∈ Xs,1/2
− ×Xs,1/2

+ satisfy

u′ = u on [0, T ]× R, supp u′ ⊂ [−2T, 2T ]× R,
v′ = v on [0, T ]× R, supp v′ ⊂ [−2T, 2T ]× R.

Then, Φ1(u, v) and Φ2(u, v) are defined on [0, T ]× R. Moreover,

ψT (t)

∫ t

0

Umu(t′ − t) u′(t′) v′(t′) dt′ =
∫ t

0

Umu(t′ − t) u(t′) v(t′)dt′,

ψT (t)

∫ t

0

Umv(t− t′) u′(t′)2 dt′ =

∫ t

0

Umv(t− t′) u(t′)2 dt′

on [0, T ]× R and their supports are contained in [−2T, 2T ]× R. Then,∥∥∥Φ1(u, v) : X
s,1/2
− [0, T ]

∥∥∥
≤
∥∥∥Umu(−t) u0 : X

s,1/2
− [0, T ]

∥∥∥+

∥∥∥∥λ∫ ·
0

Umu(t′ − ·) u(t′) v(t′)dt′ : X
s,1/2
− [0, T ]

∥∥∥∥ .
By Proposition 2.1,∥∥∥Umu(−t) u0 : X

s,1/2
− [0, T ]

∥∥∥ ≤ ∥∥∥ψT (·)Umu(−t) u0 : X
s,1/2
−

∥∥∥ . ‖u0 : Hs‖.
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By Proposition 2.2 and Corollary 3.8,∥∥∥∥∫ ·
0

Umu(t′ − ·) u(t′) v(t′) dt′ : X
s,1/2
− [0, T ]

∥∥∥∥
≤ inf

u′,v′

∥∥∥∥ψT (·)
∫ ·

0

Umu(t′ − ·) u′(t′) v′(t′) dt′ : Xs,1/2
−

∥∥∥∥
. inf

u′,v′

∥∥∥u′ v′ : Xs,−1/2
− ∩ Y s

−

∥∥∥
. inf

u′,v′
T ρ
∥∥∥u′ : Xs,1/2

−

∥∥∥ ∥∥∥v′ : Xs,1/2
+

∥∥∥
. T ρ

∥∥∥u : X
s,1/2
− [0, T ]

∥∥∥ ∥∥∥v : X
s,1/2
+ [0, T ]

∥∥∥ ≤ T ρR2

for 0 < ρ < 1/2. Similarly,∥∥∥Φ2(u, v) : X
s,1/2
− [0, T ]

∥∥∥
≤
∥∥∥Umv(−t) v0 : X

s,1/2
− [0, T ]

∥∥∥+

∥∥∥∥λ∫ ·
0

Umv(t
′ − ·) u(t′)2dt′ : X

s,1/2
− [0, T ]

∥∥∥∥
. ‖v0 : Hs‖+ T ρR2.

This implies that Φ is a map from Bs(R, [0, T ]) into itself for some R and T . Moreover, let
(uj, vj) ∈ Bs(R, [0, T ]) for j = 1, 2 and let (u′j, v

′
j) ∈ Xs

− ×Xs
+ satisfy

u′j = uj on [0, T ]× R, supp u′j ⊂ [−2T, 2T ]× R,

v′j = vj on [0, T ]× R, supp v′j ⊂ [−2T, 2T ]× R.

We have ∥∥∥Φ1(u1, v1)− Φ1(u2, v2) : X
s,1/2
− [0, T ]

∥∥∥
. inf

u′1,u
′
2,v
′
1,v
′
2

{∥∥∥ (u′1 − u′2) v′1 : X
s,−1/2
− ∩ Y s

−

∥∥∥
+
∥∥∥ u′2 (v′1 − v′2) : X

s,−1/2
− ∩ Y s

−

∥∥∥}
≤ T ρ inf

u′1−u′2,v′1

{∥∥∥v′1 : X
s,1/2
+

∥∥∥∥∥∥u′1 − u′2 : X
s,1/2
−

∥∥∥}
+ T ρ inf

u′2,v
′
1−v′2

{∥∥∥u′2 : X
s,1/2
−

∥∥∥∥∥∥v′1 − v′2 : X
s,1/2
+

∥∥∥}
. T ρR

∥∥(u1, v1)− (u2, v2) : Xs,1/2[0, T ]
∥∥ .
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Similarly, ∥∥∥Φ2(u1, v1)− Φ2(u2, v2) : X
s,1/2
+

∥∥∥
. T ρ inf

u′1,u
′
2

∥∥∥u′1 + u′2 : X
s,1/2
−

∥∥∥∥∥∥u′1 − u′2 : X
s,1/2
−

∥∥∥
. T ρ

∥∥∥u1 + u2 : X
s,1/2
− [0, T ]

∥∥∥∥∥∥u1 − u2 : X
s,1/2
− [0, T ]

∥∥∥
. T ρR

∥∥(u1, u2)− (v1, v2) : Xs,1/2[0, T ]
∥∥ .

Therefore Φ is a contraction map on Bs(R, [0, T ]) with sufficiently small T .

4.2 Proof of Persistence Regularity

Let s ≥ 0 and let (u0, v0) ∈ Hs×Hs. By Theorem 1, we have the maximal existence time T (s′) >
0 for 0 ≤ s′ ≤ s such that there is a unique pair of local solutions (u, v) ∈ C([0, T (s′)), Hs′×Hs′).
Since s ≥ λ(s), we have T (s) ≤ T (λ(s)), where λ(s) is as in (II.3.1). We show that if T (s) <
T (λ(s)), then

sup
t∈[0,T (s))

‖(u, v)(t) : Hs ×Hs‖ <∞, (II.4.2)

namely, T (s) = T (λ(s)) from the point of view of a blow-up alternative argument. Let T1 =

1 ∧ T (λ(s))−T (s)
2

. For sufficiently large C, we define R1 > 0 as follows

R1 = 2C

(
1 + sup

t∈[0,T (s)+T1]

‖(u, v)(t) : Hλ(s) ×Hλ(s)‖

)
<∞.

We have 0 < T2 < T1 such that for any 0 < T0 < T (s) and any 0 < T < T2, Φ is a contraction
map on Bλ(s)(R1, [T0, T0 + T ]). Let 0 < ρ < 1/2, and let (uj, vj) ∈ Bλ(s)(R1, [T0, T0 + T ]). Let

u′j ∈ X
s,1/2
− , u′′j ∈ X

λ(s),1/2
− , v′j ∈ X

s,1/2
+ , v′′j ∈ X

λ(s),1/2
+ satisfy

u′j = uj on [T0, T0 + T ]× R, supp u′j ⊂ [T0 − 2T, T0 + 2T ]× R,

u′′j = uj on [T0, T0 + T ]× R, supp u′′j ⊂ [T0 − 2T, T0 + 2T ]× R,

v′j = vj on [T0, T0 + T ]× R, supp v′j ⊂ [T0 − 2T, T0 + 2T ]× R,

v′′j = uj on [T0, T0 + T ]× R, supp v′′j ⊂ [T0 − 2T, T0 + 2T ]× R
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for j = 1, 2. Then, by Proposition 3.5∥∥∥Φ1(u1, v1) : X
s,1/2
− [T0, T0 + T ]

∥∥∥
≤
∥∥∥Um(−t)u(T0) : X

s,1/2
− [T0, T0 + T ]

∥∥∥
+

∥∥∥∥λ∫ ·
T0

Um(t′ − ·)u1(t′) v1(t′) dt′ ; X
s,1/2
− [T0, T0 + T ]

∥∥∥∥
≤ C‖u(T0) : Hs‖+ CT ρ inf

u′′1 ,v
′
1

∥∥∥u′′1 : X
λ(s),1/2
−

∥∥∥∥∥∥v′1 : X
s,1/2
+

∥∥∥
≤ C‖u(T0) : Hs‖+ CT ρR1

∥∥∥v1 : X
s,1/2
+ [T0, T0 + T ]

∥∥∥ .
Similarly,∥∥∥Φ2(u1, v1) : X

s,1/2
+ [T0, T0 + T ]

∥∥∥
≤
∥∥∥UM(t)v(T0) : X

s,1/2
+ [T0, T0 + T ]

∥∥∥+

∥∥∥∥µ ∫ ·
T0

UM(· − t′)u1(t′)2 dt′ ; X
s,1/2
+ [T0, T0 + T ]

∥∥∥∥
≤ C‖v(T0) : Hs‖+ CT ρ inf

u′1,u
′′
1

∥∥∥u′′1 : X
λ(s),1/2
−

∥∥∥∥∥∥u′1 : X
s,1/2
−

∥∥∥
≤ C‖v(T0) : Hs‖+ CT ρR1

∥∥∥u1 : X
s,1/2
− [T0, T0 + T ]

∥∥∥ .
Let

R2(T0) = 2C{1 + ‖u(T0) : Hs‖+ ‖v(T0) : Hs‖}

and let

T3 = T2 ∧ (8CR1)−1/ρ ∧ T (s)− T0.

Then, for 0 < T < T3, Φ is a map on

Bλ(s)(R1, [T0, T0 + T ]) ∩Bs(R2(T0), [T0, T0 + T ]).
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In addition, ∥∥∥Φ1(u1, v1)− Φ1(u2, v2) : X
s,1/2
− [T0, T0 + T ]

∥∥∥
≤
∥∥∥∥λ∫ ·

T0

Um(t′ − ·)u′′1(t′)
{
v′1(t′)− v′2(t′)

}
dt′ ; X

s,1/2
− [T0, T0 + T ]

∥∥∥∥
+

∥∥∥∥λ∫ ·
T0

Um(t′ − ·)v′′2(t′)
{
u′1(t′)− u′2(t′)

}
dt′ ; X

s,1/2
− [T0, T0 + T ]

∥∥∥∥
≤ CT ρ inf

u′′1 ,v
′
1−v′2

∥∥∥u′′1 : X
λ(s),1/2
−

∥∥∥∥∥∥v′1 − v′2 : X
s,1/2
+

∥∥∥
+ CT ρ inf

v′′2 ,u
′
1−u′2

∥∥∥v′′2 : X
λ(s),1/2
+

∥∥∥∥∥∥u′1 − u′2 : X
s,1/2
−

∥∥∥
≤ 1

4

∥∥(u1, v1)− (u2, v2) : Xs,1/2[T0, T0 + T ]
∥∥ .

Similarly, ∥∥∥Φ2(u1, v1)− Φ2(u2, v2) : X
s,1/2
+ [T0, T0 + T ]

∥∥∥
≤ CT ρ inf

u′1,u
′′
1 ,u
′
2,u
′′
2

∥∥∥u′′1 + u′′2 : X
λ(s),1/2
−

∥∥∥∥∥∥u′1 − u′2 : X
s,1/2
−

∥∥∥
≤ 1

4

∥∥(u1, v1)− (u2, v2) : Xs,1/2[T0, T0 + T ]
∥∥ .

Therefore Φ is a contraction map and the pair of solutions (u, v) is guaranteed in both Xλ(s),1/2[T0, T0+
T ] and Xs,1/2[T0, T0 + T ]. If T (s)− T0 < T2 ∧ (8CR1)−1/ρ, then T3 = T (s)− T0 and

sup
T∈[0,T (s)−T0)

‖(u, v) : Xs,1/2[T0, T0 + T ]‖ ≤ R2(T0),

which together with Proposition 3.5 implies

sup
T∈[0,T (s)−T0)

{
‖uv : Y s

−[T0, T0 + T ]‖+ ‖u2 : Y s
+[T0, T0 + T ]‖

}
≤ CR2(T0)2.

Then, by lemma 2.3,

sup
t∈[T0,T (s))

‖(u, v)(t) : Hs ×Hs‖ ≤ C2R2(T0)2.

Thus, we obtain (II.4.2) and T (s) = T (λ(s)) = T (0).

5 Proof of the L2 conservation and Theorem 2

In this section, we prove the L2 conservation for Theorem 2.
Although we can justify a formal proof of the L2 conservation by a smooth approximation

argument, we give a different approach here. We derive the conservation laws without approx-
imation of solution in the framework of the Bourgain method as we studied in the previous
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sections. For the Schrödinger equation, there is a proof of the conservation laws in the frame-
work of the Strichartz estimate [22].

Let (u0, v0) ∈ L2 × L2 and let T > 0 sufficiently small. Then, we have a pair of extensions

(u, v) ∈ X
0,1/2
− × X

0,1/2
+ of the solutions for the Cauchy problem (NSR1) such that for any

t ∈ [0, T ],

u(t) = Umu(−t)u0 − iλ
∫ t

0

Umu(t′ − t)u(t′)v(t′)dt′,

v(t) = Umv(t)v0 − ic−1λ

∫ t

0

Umv(t− t′)u(t′)2dt′.

Then,

‖u(t) : L2‖2 = ‖Um(t)u : L2‖2

=

∥∥∥∥u0 − iλ
∫ t

0

Umu(t′)u(t′)v(t′)dt′ : L2

∥∥∥∥2

= ‖u0 : L2‖ − 2Im

(
û0, λ

∫ t

0

Fx [Umu(t′)u(t′)v(t′)] dt′
)

+

∥∥∥∥λ∫ t

0

Fx [Umu(t′)u(t′)v(t′)] dt′ : L2

∥∥∥∥2

,

where (·, ·) is the L2(R) inner product. We have∫ t

0

f(t′)dt′ =

∫
exp[itτ ]− 1

iτ
f̂(τ)dτ

for any f ∈ L1(R) such that f̂ ∈ 〈τ〉L1
τ (R). Moreover, the inequalities∥∥Fx [uv] : L∞ξ L

1
t

∥∥ ≤ ∥∥u : L2L2
∥∥∥∥v : L2L2

∥∥ ≤ ∥∥∥u : X
0,1/2
−

∥∥∥∥∥∥v : X
0.1/2
+

∥∥∥
hold by the Hölder inequality and∫∫∫∫

exp[it·]− 1

i·
ũ(ρ− σ, η − ξ)ṽ(ρ, η)ũ(σ − ·, ξ)dξdσdηdρ ∈ L1
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by Proposition 3.11. Then,∥∥∥∥λ∫ t

0

Fx [Um(t′)u(t′)v(t′)] dt′ : L2

∥∥∥∥2

= 2Re

∫ ∫ t

0

λFx[uv](t′) λFx

[∫ t′

0

Um(t′′ − t′)u(t′′)v(t′′)dt′′
]
dt′dξ

= −2Im

∫ ∫ t

0

λFx[uv](t′) Fx[Um(−t′)]û0 − Fx [u] (t′) dt′dξ

= 2Im

(
û0, λ

∫ t

0

Fx[Um(t′)uv](t′)dt′
)

+ 2Im λ

∫ ∫∫∫∫
exp[itτ ]− 1

iτ
ũ(ρ− σ, η − ξ)ṽ(ρ, η)ũ(σ − τ, ξ)dτdξdσdηdρ.

Finally we obtain

‖u(t) : L2‖2 − ‖u0 : L2‖2

= 2Im λ

∫ ∫∫∫∫
exp[itτ ]− 1

iτ
ũ(ρ− σ, η − ξ)ũ(σ − τ, ξ)ṽ(ρ, η)dτdξdσdηdρ.

Similarly, we have

‖v(t) : L2‖2 = ‖UM(−t)v : L2‖2

= ‖v0 : L2‖ − 2Im

(
v̂0, c

−1λ

∫ t

0

Fx
[
UM(−t′)u(t′)2

]
dt′
)

+

∥∥∥∥c−1λ

∫ t

0

Fx
[
UM(−t′)u(t′)2dt′

]
: L2

∥∥∥∥2

and ∥∥∥∥c−1λ

∫ t

0

Fx
[
Um(−t′)u(t′)2

]
dt′ : L2

∥∥∥∥2

= −2Im

∫ ∫ t

0

c−1λFx[u(t′)2] Fx

[
ic−1λ

∫ t′

0

UM(t′ − t′′)u(t′′)2dt′′
]
dt′dξ

= 2Im

(
v̂0, c

−1λ

∫ t

0

Fx
[
UM(−t′)u(t′)2

]
dt′
)

+
2

c
Im λ

∫ ∫∫∫∫
exp[itτ ]− 1

iτ
ũ(σ − ρ, ξ − η)ũ(ρ, η)ṽ(σ − τ, ξ)dτdξdσdηdρ.

Then,

‖v(t) : L2‖2 − ‖v0 : L2‖2

= 2c−1Im λ

∫ ∫∫∫∫
exp[itτ ]− 1

iτ
ũ(σ − ρ, ξ − η)ũ(ρ, η)ṽ(σ − τ, ξ)dτdξdσdηdρ.
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In addition,

− Imλ

∫ ∫∫∫∫
exp[itτ ]− 1

iτ
ũ(σ − ρ, ξ − η)ũ(ρ, η)ṽ(σ − τ, ξ)dτdξdσdηdρ

= Imλ

∫ ∫∫∫∫
exp[−itτ ]− 1

i(−τ)
ũ(σ − ρ, ξ − η)ũ(ρ, η) ṽ(σ − τ, ξ)dξdσdηdρdτ

= Imλ

∫ ∫∫∫∫
exp[−itτ ]− 1

i(−τ)
ũ(τ + ρ′ − ρ, ξ − η)ũ(ρ, η) ṽ(ρ′, ξ)dξdσdηdρ′dτ

= Imλ

∫ ∫∫∫∫
exp[itτ ′]− 1

iτ ′
ũ(ρ′ − σ′, ξ − η)ũ(σ′ − τ ′, η) ṽ(ρ′, ξ)dξdσ′dηdρ′dτ ′

= Imλ

∫ ∫∫∫∫
exp[itτ ′]− 1

iτ ′

× ũ(ρ′ − σ′, η′ − ξ′)ũ(σ′ − τ ′, ξ′) ṽ(ρ′, η′) dξ′dσ′dη′dρ′dτ ′,

where ρ′ = σ − τ , σ′ = ρ− τ , τ ′ = −τ , ξ′ = η, and η′ = ξ. Finally we have

‖u(t) : L2‖2 + c‖v(t) : L2‖2 = ‖u0 : L2‖2 + c‖v0 : L2‖2

for t ∈ [0, T ].

6 Proof of Local Well-Posedness Independent of YNorm

In this section, we clarify why the auxiliary space Y is important in our argument. We give
an alternative proof of the existence of solutions for s > 0, without using the auxiliary norm
Y . On the other hand, we shall explain why we need the norm Y at least in our argument
in the case where s = 0. It is important that δ(s) in this proof below is strictly positive. We
exchange it into the positive power of T . Then, the contraction argument is completed when T
is sufficiently small.

proof. Let s > 0, (u0, v0) ∈ Hs ×Hs and let 0 < T ≤ 1. We take b(s) = 3/4 ∧ (1 + s)/2 > 1/2
and δ(s) = 1/4 ∧ s/2 > 0 for Proposition 3.9.

We define a metric space

B′s(R, T )

=
{

(u, v) ∈X′s,b(s)[0, T ] ;
∥∥∥u : X

′s,b(s)
− [0, T ]

∥∥∥+
∥∥∥v : X

′s,b(s)
+ [0, T ]

∥∥∥ ≤ R
}

with metric

d′( (u1, v1), (u2, v2) ) =
∥∥(u1, v1)− (u2, v2) : X′s,b(s)[0, T ]

∥∥ .
We see (B′s(R, T ), d′) is a complete metric space. We prove that Φ defined as (II.4.1) is a
contraction map on B′s(R, T ) for sufficiently large R and sufficiently small T .

Let (u, v) ∈ B′s(R, T ) and let (u′, v′) ∈ Xs,b(s)
− ×Xs,b

+ satisfy

u′ = u on [0, T ]× R, v′ = v on [0, T ]× R.
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We have ∥∥∥Φ1(u, v) : X
′s,b(s)
− [0, T ]

∥∥∥
≤
∥∥∥Um(−t) u0 : X

′s,b(s)
− [0, T ]

∥∥∥
+

∥∥∥∥λ∫ ·
0

Um(t′ − t) u(t′) v(t′)dt′ : X
′s,b(s)
− [0, T ]

∥∥∥∥ .
By Lemma 2.1, ∥∥∥Um(−t) u0 : X ′s,b− [0, T ]

∥∥∥ ≤ ∥∥∥ψUm(−t) u0 : X ′s,b−

∥∥∥ . ‖u0 : Hs‖.

By Propositions 2.2 and 3.9, we obtain∥∥∥∥∫ ·
0

Um(t′ − ·) u(t′) v(t′) dt′ : X
′s,b(s)
− [0, T ]

∥∥∥∥
≤ inf

u′,v′

∥∥∥∥ψT ∫ ·
0

Um(t′ − ·) u′(t′) v′(t′) dt′ : Xs,b(s)
−

∥∥∥∥
. inf

u′,v′
T δ(s)

∥∥∥u′ v′ : Xs,b(s)−1+δ(s)
−

∥∥∥
. inf

u′,v′
T δ(s)

∥∥∥u′ : Xs,b(s)
−

∥∥∥ ∥∥∥v′ : Xs,b(s)
+

∥∥∥
. T δ(s)

∥∥∥u : X
s,b(s)
− [0, T ]

∥∥∥ ∥∥∥v : X
s,b(s)
+ [0, T ]

∥∥∥ ≤ T δ(s)R2.

Similarly, ∥∥Φ2(u, v) : Xs
+[0, T ]

∥∥ . ‖v0 : Hs‖+ T δ(s)R2.

Thus, Φ is a map from B′s(R, T ) to B′s(R, T ) for some R and T . Moreover, let (uj, vj) ∈
B′s(R, T ) for j = 1, 2 and let (u′j, v

′
j) ∈ X

s,b(s)
− ×Xs,b(s)

+ satisfy

u′j = uj on [0, T ]× R, v′j = vj on [0, T ]× R.

Then, we have ∥∥∥Φ1(u1, v1)− Φ1(u2, v2) : X
′s,b(s)
− [0, T ]

∥∥∥
. inf

u′1,u
′
2,v
′
1,v
′
2

T δ(s)
{∥∥∥ (u′1 − u′2) v′1 : X

s,b(s)−1+δ(s)
−

∥∥∥
+
∥∥∥ u′2 (v′1 − v′2) : X

s,b(s)−1+δ(s)
−

∥∥∥}
. T δ(s) inf

u′1,u
′
2,v
′
1,v
′
2

{∥∥∥v′1 : X
s,b(s)
+

∥∥∥∥∥∥u′1 − u′2 : X
s,b(s)
−

∥∥∥
+
∥∥∥u′2 : X

s,b(s)
−

∥∥∥∥∥∥v′1 − v′2 : X
s,b(s)
+

∥∥∥}
. T δ(s)R

∥∥(u1, v1)− (u2, v2) : X′s,b(s)[0, T ]
∥∥ .
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Similarly, ∥∥∥Φ2(u1, v1)− Φ2(u2, v2) : X
′s,b(s)
+

∥∥∥
. T δ(s) inf

u′1,u
′
2

∥∥∥u′1 + u′2 : X
s,b(s)
−

∥∥∥∥∥∥u′1 − u′2 : X
s,b(s)
−

∥∥∥
. T δ(s)

∥∥∥u1 + u2 : X
′s,b(s)
− [0, T ]

∥∥∥∥∥∥u1 − u2 : X
′s,b(s)
− [0, T ]

∥∥∥
. T δ(s)R

∥∥(u1, u2)− (v1, v2) : X′s,b(s)[0, T ]
∥∥ .

Thus, Φ is a contraction map on B′s(R, T ) for sufficiently small T . Q.E.D.

The following proposition implies that we can not take δ > 0 when s = 0 in the above proof.

Proposition 6.1. For any b ∈ [0, 1/2) ∪ (1/2, 1], there exists a pair (u, v) ∈ X0,b
− × X

0,b
− such

that ∥∥∥uv : X0,b−1
+

∥∥∥ =∞. (II.6.1)

Also for any δ > 0, there exists a pair (u, v) ∈ X0,1/2
− ×X0,1/2

− such that∥∥∥uv : X
0,−1/2+δ
+

∥∥∥ =∞. (II.6.2)

Remark 6.2. This is the reason why we use not only the norm Xs,b
± but also the norm Y s

± and
support restricted functions to obtain solutions of the Cauchy problem (NSR1) .

Proof of Proposition 6.1. Suppose 1/2 < b ≤ 1. Let 0 < 2ε ≤ b− 1/2 and let

ũ1(τ, ξ) = ṽ1(τ, ξ) = 〈ξ〉−
1
2
−ε 〈τ − |ξ|〉−b−1/2−ε .

If τ > 2, τ − 1 < ξ < τ + 1, then

〈τ + |ξ|〉b−1∫∫
〈η〉−

1
2
−ε 〈ξ − η〉−1/2−ε 〈σ − |η|〉−b−1/2−ε 〈τ − σ − |ξ − η|〉−b−1/2−ε dσdη

& 〈2τ + 1〉b−1

∫ ξ

0

〈η〉−
1
2
−ε 〈ξ − η〉−

1
2
−ε 〈τ − |ξ − η| − |η|〉−2b−2ε dη

& 〈2τ + 1〉b−1

∫ ξ

0

(1 + ξ + η(ξ − η))−1/2−εdη

& 〈2τ + 1〉b−1

∫ ξ

0

〈ξ〉−1−2ε dη

& 〈τ + 1〉−1/2 .

This implies u1v1 6∈ X0,b−1
+ . Moreover, suppose 0 ≤ b < 1/2. Let b and δ satisfy 0 < 2ε ≤ 1/2−b
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and let

ũ2(τ, ξ) = 〈ξ〉−
1
2
−ε 〈τ − |ξ|〉−b−1/2−ε ,

ṽ2(τ, ξ) = 〈ξ〉−
1
2
−ε 〈τ − |ξ|〉−b 〈τ + |ξ|〉−1/2−ε .

Since for any real number a and b, 〈a+ b〉 ≤ 〈a〉 〈b〉, for ξ > 0,

〈τ + |ξ|〉b−1

∫∫
〈η〉−

1
2
−ε 〈ξ − η〉−1/2−ε 〈σ − |η|〉−b−1/2−ε

〈τ − σ − |ξ − η|〉−b 〈τ − σ + |ξ − η|〉−1/2−ε dσdη

& 〈τ + |ξ|〉b−1

∫∫
〈η〉−

1
2
−ε 〈ξ − η〉−b−1/2−ε 〈σ − |η|〉−b−1/2−ε

〈τ − σ + |ξ − η|〉−b−1/2−ε dσdη

& 〈τ + ξ〉b−1

∫ 0

−∞
〈η〉−

1
2
−ε 〈ξ − η〉−b−

1
2
−ε 〈τ + ξ〉−2b−2ε dη

& 〈τ + ξ〉−b−1−2ε 〈ξ〉−1/2 6∈ L2
ξ>0(L2

τ ).

Therefore, u2v2 6∈ X0,b−1
+ . We complete the proof of (II.6.1).

Suppose δ > 0 and b = 1/2. Let ε satisfy 0 < 2ε ≤ δ and let

ũ3(τ, ξ) = ṽ3(τ, ξ) = 〈ξ〉−
1
2
−ε 〈τ − |ξ|〉−1−ε .

If τ > 2, τ − 1 < ξ < τ + 1, then

〈τ + |ξ|〉−1/2+δ

∫∫
〈η〉−

1
2
−ε 〈ξ − η〉−1/2−ε 〈σ − |η|〉−1−ε 〈τ − σ − |ξ − η|〉−1−ε dσdη

& 〈2τ + 1〉−1/2+δ

∫ ξ

0

〈η〉−
1
2
−ε 〈ξ − η〉−

1
2
−ε 〈τ − |ξ − η| − |η|〉−1−2ε dη

& 〈2τ + 1〉−1/2+δ

∫ ξ

0

(1 + ξ + η(ξ − η))−1/2−εdη

& 〈2τ + 1〉−1/2+δ

∫ ξ

0

〈ξ〉−1−2ε dη

& 〈τ + 1〉−1/2 .

This yields u3v3 6∈ X0,b−1
+ and we obtain (II.6.2). Q.E.D.

Corollary 6.3. For any b ∈ R and s < 0, there exists a pair u, v ∈ Xs,b
− such that∥∥∥uv : Xs,b−1

+

∥∥∥ =∞. (II.6.3)

Remark 6.4. Proposition 6.1 and Corollary 6.3 show that Proposition 3.5 is almost optimal.
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Proof of Corollary 6.3. Suppose 1/2 ≤ b ≤ 1. Let 0 < ε < −s and let

ũ1(τ, ξ) = ṽ1(τ, ξ) = 〈ξ〉−
1
2
−ε 〈τ − |ξ|〉−b−1/2−ε .

If τ > 2, τ − 1 < ξ < τ + 1, then

〈ξ〉s 〈τ + |ξ|〉b−1∫∫
〈η〉−s−

1
2
−ε 〈ξ − η〉−s−1/2−ε 〈σ − |η|〉−b−1/2−ε 〈τ − σ − |ξ − η|〉−b−1/2−ε dσdη

& 〈ξ〉s 〈2τ + 1〉b−1

∫ ξ

0

〈η〉−s−
1
2
−ε 〈ξ − η〉−s−

1
2
−ε 〈τ − |ξ − η| − |η|〉−2b−2ε dη

& 〈ξ〉s 〈2τ + 1〉b−1

∫ ξ

0

(1 + ξ + η(ξ − η))−s−1/2−εdη

& 〈2τ + 1〉b−1

∫ ξ

0

〈ξ〉−2s−1−2ε dη

& 〈τ + 1〉−1/2 .

This implies u1v1 6∈ Xs,b−1
+ . Moreover, suppose 0 ≤ b < 1/2. Let b and δ satisfy 0 < 2ε ≤ 1/2−b

and let

ũ2(τ, ξ) = 〈ξ〉−s−
1
2
−ε 〈τ − |ξ|〉−b−1/2−ε ,

ṽ2(τ, ξ) = 〈ξ〉−s−
1
2
−ε 〈τ − |ξ|〉−b 〈τ + |ξ|〉−1/2−ε .

Since for any real number a and b, 〈a+ b〉 ≤ 〈a〉 〈b〉, for ξ > 0,

〈ξ〉s 〈τ + |ξ|〉b−1

∫∫
〈η〉−s−

1
2
−ε 〈ξ − η〉−s−1/2−ε 〈σ − |η|〉−b−1/2−ε

〈τ − σ − |ξ − η|〉−b 〈τ − σ + |ξ − η|〉−1/2−ε dσdη

& 〈τ + |ξ|〉b−1

∫∫
〈η〉−

1
2
−ε 〈ξ − η〉−b−1/2−ε 〈σ − |η|〉−b−1/2−ε

〈τ − σ + |ξ − η|〉−b−1/2−ε dσdη

& 〈τ + ξ〉b−1

∫ 0

−∞
〈η〉−

1
2
−ε 〈ξ − η〉−b−

1
2
−ε 〈τ + ξ〉−2b−2ε dη

& 〈τ + ξ〉−b−1−2ε 〈ξ〉−1/2 6∈ L2
ξ>0(L2

τ ).

Therefore, u2v2 6∈ X0,b−1
+ . We complete the proof of (II.6.3). Q.E.D.
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Part III

Study of (NSR2)

1 Introduction

In this part, we show Theorem 3. As wee see Remark 3.7, the Bourgain method is not applicable
to (NSR2) . We prove Theorem 3 by a compactness argument based on the energy and charge
conservation of the solutions for (NSR2) . By these conservation laws, the uniformly bound-
edness in H1/2 and equicontinuous in L2 of a sequence of H1 approximations for H1/2 solution
are given. We also use two convergence propositions. The first proposition is a kind of the
Arzelà Ascoli theorem for Banach valued functions on R. This proposition ensures a sequence
of Banach valued functions converge weakly and the weak limits have the same continuity with
the sequences. By the second proposition, the H1/2 convergence of a H1/2 sequence follows form
the L2 convergence and the convergence of their Energies. The existence of solutions follows
from the first convergence proposition, where the weak limit of an approximation sequence is
commutative with time differentials and the nonlinearities. The time continuity of solutions
follows form both of the propositions. The continuity with respect to initial data follows from
the second proposition and a Vladimirov argument. By the Vladimirov argument, we show the
L2 continuity with respect to initial data.

We define ((·, ·), (·, ·))H : (H1/2×H1/2)×(H1/2×H1/2)→ C and ‖(·, ·) : H‖ : H1/2×H1/2 → R
as (

(u1, v1), (u2, v2)
)

H
=
(

(m2
u −∆)1/4u1, (m2

u −∆)1/4u2

)
L2

+
c

2

(
(m2

v −∆)1/4v1, (m2
v −∆)1/4v2

)
L2
,

‖(u, v) : H‖ =

√(
(u, v), (u, v)

)
H
.

We also define the energy E of (NSR2) and M as follows:

E(u, v) = ‖(u, v) : H‖2 − Re(λv, u2)L2 ,

M(u, v) = ‖(u, v) : H‖+Q(u, v) +
∥∥(u, v) : L2 × L2

∥∥ .
We give a brief outline of the remainder of this part. In Section2, some basic calculations are

summarized and we prove Theorem 3 in Section 3.

29



2 Preliminary

Here, we collect some basic propositions. The Cauchy problem (NSR2) with initial data
(u(0), v(0)) = (u0, v0) is rewritten as the following system of the integral equations;

u(t) = Umu(−t)u0 − iλ
∫ t

0

Umu(t− t′)u(t′) v(t′)dt′,

v(t) = Umv(−t)v0 − ic−1λ

∫ t

0

Umv(t− t′)u(t′)2dt′.

(III.2.1)

For s ≥ 0, Hs solutions to (III.2.1) satisfy (NSR2) in Hs−1.

Proposition 2.1. Let (u0, v0) ∈ H1/2×H1/2. If there is a pair of solutions (u, v) ∈ C(R, H1/2×
H1/2) to the integral equations (III.2.1) for the initial data (u0, v0), then Q(u(t), v(t)) = Q(u0, v0)
for any t.

proof.

d

dt
‖u : L2‖2 = 2Re(∂tu, u) = 2Im(i∂tu, u)

= 2Im(−
√
m2
u −∆ u+ λuv, u)

= 2Im(λv, u2),

d

dt
‖v : L2‖2 = 2Re(∂tv, v) = 2Im(i∂tv, v)

= 2Im(−
√
m2
v −∆ v + c−1λu2, v)

= −2c−1Im(λv, u2).

Q.E.D.

Proposition 2.2. Let (u0, v0) ∈ H1/2×H1/2. If there is a pair of solutions (u, v) ∈ C(R, H1/2×
H1/2)∩C1(R, H−1/2×H−1/2) to the integral equations (III.2.1) for the initial data (u0, v0), then
E(u(t), v(t)) = E(u0, v0) for any t.

proof. We assume (u, v) ∈ C(R, H1×H1). Then, ‖(m2−∆)1/4u : L2‖ and ‖(m2−∆)1/4v : L2‖
are differentiable and

d

dt
‖(m2

u −∆)
1
4u(t) : L2‖2 = 2Re(−i∂tu(t) + λuv(t), ∂tu(t)) = Re(λv(t), ∂t(u

2)(t)),

d

dt
‖(m2

v −∆)
1
4v(t) : L2‖2 = 2Re(−i∂tv + c−1λu2(t), ∂tv(t)) = 2c−1Re(∂t(λv)(t), u2(t)).

This shows the energy conservation for H1 solution. We obtain the proposition by the smooth
approximation. Q.E.D.

Corollary 2.3. Let (u0, v0) ∈ H1 × H1. For any T > 0, if there is a pair of solutions
(u, v) ∈ C([0, T ], H1 × H1) to the integral equations (III.2.1) for the initial data (u0, v0), then
‖(u(t), v(t)) : H1/2 ×H1/2‖ .M(u0, v0) for any t ∈ [0, T ].
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proof. H1/2×H1/2 = L2×L2 ∩H and the L2×L2 norm of solutions is bounded by Q(u0, v0).
By Hölder and Minkowski inequalities,∣∣(λv(t), u2(t))L2

∣∣ . ∥∥v(t) : L2
∥∥∥∥u(t) : L4

∥∥2

.
∥∥v(t) : L2

∥∥∥∥u(t) : L2
∥∥∥∥∥u(t) : Ḣ1/2

∥∥∥
≤ Q(u0, v0) ‖(u, v)(t) : H‖ .

Then,

‖(u, v)(t) : H‖2

≤ ‖(u0, v0) : H‖2 +
∣∣(λv0, u

2
0)L2

∣∣+
∣∣(λv(t), u2(t))L2

∣∣
. ‖(u0, v0) : H‖2 +Q(u0, v0)‖(u0, v0) : H‖+Q(u0, v0)‖(u, v)(t) : H‖.

This shows ‖(u, v)(t) : H‖ .M(u0, v0). Q.E.D.

Lemma 2.4. Let (u0, v0) ∈ H1 ×H1. Then, the integral equations (III.2.1) has a unique pair
of global solutions (u, v) ∈ C(R, H1 ×H1).

proof. By Sobolev embedding theorem, we have a unique pair of solutions (u, v) in C([0, T ] :
H1 ×H1) for sufficiently small T > 0. By Brezis-Galouet inequality, for any f ∈ H1,

‖f : L∞‖ . ‖f : H1/2‖
√

log (2 + ‖f : H1‖ / ‖f : H1/2‖).

Moreover, for a > 0, x2 log(2 + a/x) is increasing for x on R>0. Indeed,

d

dx
x2 log

(
2 +

a

x

)
= 2x log

(
2 +

a

x

)
− x3

2x+ a

a

x2

≥ x(2 log 2− 1) ≥ 0.

Then, ∥∥(u, v)(t) : H1 ×H1
∥∥

.
∥∥(u0, v0) : H1 ×H1

∥∥
+

∫ t

0

∥∥u(t′) : H1/2
∥∥√log

(
2 +

‖u(t′) : H1‖
‖u(t′) : H1/2‖

)∥∥(u, v)(t′) : H1 ×H1
∥∥ dt′

+

∫ t

0

∥∥v(t′) : H1/2
∥∥√log

(
2 +

‖v(t′) : H1‖
‖v(t′) : H1/2‖

)∥∥(u, v)(t′) : H1 ×H1
∥∥ dt′

.
∥∥(u0, v0) : H1 ×H1

∥∥
+M(u0, v0)

∫ t

0

√
log

(
2 +
‖(u, v)(t′) : H1 ×H1‖

M(u0, v0)

)∥∥(u, v)(t′) : H1 ×H1
∥∥ dt′.
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Suppose a, b ≥ 0 and f and F be positive functions satisfy f ≤ F and

F (t) = a+ b

∫ t

0

f(t′)
√

log(f(t′))dt′.

Then,

d

dt

√
logF (t) =

F ′(t)

F (t)
√

logF (t)
≤ b.

This shows ‖(u, v)(t) : H1×H1‖ <∞. By the blow-up alternative argument, the solutions can
be extended globally. Q.E.D.

The next lemma plays an important role to construct solutions.

Lemma 2.5. Suppose that X and Y are reflexive Banach spaces such that Y ↪→ X and Y is
dense in X. Let K be a bounded closed ball of Y . Let f be a non-negative valued function satisfy
f(0) = 0 and f is continuous at the origin. Let (un)n∈Z>0 be a sequence of K-valued function
on R satisfy

sup
n
‖un(t1)− un(t0) : X‖ ≤ f(t1 − t0). (III.2.2)

Then, we have a function u : R→ K and a subsequence of (un)n∈Z>0 such that the subsequence
converges to u pointwisely in weak Y topology. In addition, the weak limit u satisfies that

‖u(t1)− u(t0) : X‖ ≤ f(t1 − t0)

and for any l ∈ X∗, (〈l, un〉X∗,X)n converges uniformly on any bounded closed interval I ⊂ R.

proof. Put σ be a bijective map from Z>0 to Q. Since (un(σ(1)))n∈Z>0 ⊂ K, we can take
ρ(1, ·) : Z>0 → Z>0 such that (uρ(1,n)(σ(1)))n∈Z>0 converges weakly in Y . Let u(σ1) ∈ Y be
the weak limit of (uρ(1,n)(σ(1)))n∈Z>0 . Similarly, for any k ∈ Z>0, we can take ρ(k, ·) : Z>0 →
ρ(k− 1,Z>0) such that (uρ(k,n)(σ(k)))n∈Z>0 converges weakly, and let u(σ(k)) be the weak limit
of (uρ(k,n)(σ(k)))n∈Z>0 .

Put vn = uρ(n,n). We show (vn(t))n∈Z>0 converges weakly for any t. For the reflexivity of Y ,
it is enough to show (〈l, vn(t)〉Y ∗,Y )n∈Z>0 be a Cauchy sequence for any l ∈ Y ∗. Let ε > 0 and

let l′ ∈ X∗ and σ ∈ Q satisfy ‖l − l′ : Y ∗‖ ≤ ε and

f(t− σ) ≤ ε

‖l′ : X∗‖+ 1
.
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Then, ∣∣∣〈l, vn(t)− vm(t)〉Y ∗,Y
∣∣∣

≤
∣∣∣〈l′, vn(t)− vn(σ)〉X,X∗

∣∣∣+
∣∣∣〈l′, vm(t)− vm(σ)〉X∗,X

∣∣∣
+
∣∣∣〈l′, vn(σ)− vm(σ)〉X∗,X

∣∣∣+ ‖l − l′ : Y ∗‖ diam(K)

≤ 2 ‖l′ : X∗‖ f(t− σ) +
∣∣∣〈l′, vn(σ)− vm(σ)〉X∗,X

∣∣∣+ diam(K)ε

≤ (2 + diam(K))ε+
∣∣∣〈l′, vn(σ)− vm(σ)〉X∗,X

∣∣∣ .
This means (vn(t))n∈Z>0 converges weakly in Y for any t ∈ R. Let u(t) ∈ K be the weak limit
of (vn(t))n∈Z0 . The continuity in X of u is obtained by∣∣∣〈l, u(t1)− u(t0)〉X∗,X

∣∣∣
≤
∣∣∣〈l, u(t1)− vn(t1)〉X∗,X

∣∣∣+
∣∣∣〈l, u(t0)− vn(t0)〉X∗,X

∣∣∣
+
∣∣∣〈l, vn(t1)− vn(t0)〉X∗,X

∣∣∣
≤ ‖l : X∗‖ f(t1 − t0) +

∣∣∣〈l, u(t1)− vn(t1)〉X∗,X
∣∣∣

+
∣∣∣〈l, u(t0)− vn(t0)〉X∗,X

∣∣∣
→ ‖l : X∗‖ f(t1 − t0) as n −→∞.

Moreover, let ε > 0 and (tm)Mm=0 be an increasing sequence such that t0 = min I and tM = max I
and supm f(tm+1 − tm) < ε. Let N be sufficient large such that∣∣∣〈l, vn(tm)− u(tm)〉X∗,X

∣∣∣ < ε

for any 0 ≤ m ≤M and n ≥ N . Then, for n ≥ N ,∣∣∣〈l, vn(t)− u(t)〉X∗,X
∣∣∣

<
∣∣∣〈l, vn(tm)− u(tm)〉X∗,X

∣∣∣+
∣∣∣〈l, vn(t)− vn(tm)〉X∗,X

∣∣∣
+
∣∣∣〈l, u(tm)− u(t)〉X∗,X

∣∣∣
≤ ε+ 2 ‖l : X∗‖ f(tm − t)
≤ (1 + 2 ‖l : X∗‖) ε.

Q.E.D.

The next lemma is important for our proof of continuity.

Lemma 2.6. Let (un, vn)n∈Z>0 be a bounded H1/2 × H1/2 sequence which converges (u, v) ∈
H1/2 × H1/2 in L2 × L2 topology. If E(un, vn) converges to E(u, v), then ‖(u, v) − (un, vn) :
H‖ → 0.
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proof.

‖(un, vn)− (u, v) : H‖2

= 2Re
(

(u, v), (u, v)− (un, vn)
)

H
− ‖(u, v) : H‖2 + ‖(un, vn) : H‖2

= 2Re
(

(u, v), (u, v)− (un, vn)
)

H

+ E(u, v)− E(un, vn)− Re(λv, u2) + Re(λvn, u
2
n). (III.2.3)

The first coordinate of the first term on the right hand side is estimated as follows:∣∣(√m2
u −∆u, u− un

)∣∣
≤
∣∣(ρ(ρ−∆)−1

√
m2
u −∆u, u− un)

∣∣+
∣∣(∆(ρ−∆)−1

√
m2
u −∆u, u− un

)∣∣
≤
∥∥ρ(ρ−∆)−1

√
m2
u −∆u : L2

∥∥‖u− un : L2‖

+
∥∥(∆(ρ−∆)−1

√
m2
u −∆u : H−1/2

∥∥∥∥‖u− un : H1/2‖

Then, the left hand side is arbitrarily small for sufficiently large ρ and n. By Hölder and
Gagliardo-Nirenberg inequalities,∣∣(v, u2)− (vn, u

2
n)
∣∣

≤
∥∥v − vn : L2

∥∥∥∥u : L4
∥∥2

+
∥∥vn : L2

∥∥∥∥u+ un : L4
∥∥∥∥u− un : L4

∥∥
. ‖u : H1/2‖2

∥∥v − vn : L2
∥∥+

+ ‖vn : L2‖(‖u : H1/2‖+ ‖un : H1/2‖)3/2
∥∥u− un : L2

∥∥1/2
.

Then, the remain terms of (III.2.3) go to 0 as n increases. Q.E.D.

3 Proof of Theorem 3

In this section, we separate the proof into two parts, the proof for the construction of solutions,
and the proof for the continuous dependence on initial values.

3.1 Construction of Solutions

Here, we construct solutions for H1/2 × H1/2 initial data. The finiteness of charge and energy
plays an important role for our construction. Let (u0, v0) ∈ H1/2 ×H1/2 and (u0,n, v0,n)n∈Z0

⊂
H1 ×H1 satisfy (un, vn)→ (u, v) in H1/2 ×H1/2 and∥∥(u0,n, v0,n) : H1/2 ×H1/2

∥∥ . ∥∥(u0, v0) : H1/2 ×H1/2
∥∥ .
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Let (un, vn) ∈ C(R, H1 × H1) be the solutions of (III.2.1) for the initial data (u0,n, v0,n). For
t0 < t1, ∥∥un(t1)− un(t0) : L2

∥∥
≤
∥∥{Umu(t1 − t0)− 1}un(t0) : L2

∥∥+

∫ t1

t0

∥∥unvn(t′) : L2
∥∥ dt′

≤
∥∥∥(2 ∧ (t1 − t0)

√
m2
u −∆

)
un(t0) : L2

∥∥∥+

∫ t1

t0

∥∥un(t′) : H1/2
∥∥∥∥vn(t′) : H1/2

∥∥ dt′
.
∥∥u0 : H1/2

∥∥ |t1 − t0|1/2 +M(u0, v0)2|t1 − t0|.

Similarly, ∥∥vn(t1)− vn(t0) : L2
∥∥

≤
∥∥{Umv(t1 − t0)− 1}vn(t0) : L2

∥∥+

∫ t1

t0

∥∥un(t′)2 : L2
∥∥ dt′

≤
∥∥∥(2 ∧ (t1 − t0)

√
m2
v −∆

)
vn(t0) : L2

∥∥∥+

∫ t1

t0

∥∥un(t′) : H1/2
∥∥2
dt′

.
∥∥v0 : H1/2

∥∥ |t1 − t0|1/2 +M(u0, v0)2|t1 − t0|.

Then, by Lemma 2.5, we have (u, v) ∈ C(R, L2 × L2) ∩ L∞(R, H1/2 ×H1/2) such that a subse-
quence (ũn, ṽn)n∈Z>0 of (un, vn)n∈Z>0 converges pointwisely weakly in H1/2 ×H1/2 and∥∥(u, v)(t1)− (u, v)(t0) : L2 × L2

∥∥
.
∥∥(u0, v0) : L2

∥∥ |t1 − t0|1/2 +M(u0, v0)2|t1 − t0|.

In addition, by (NSR2) ,

‖(∂tun, ∂tvn)(t) : H−1/2 ×H−1/2‖ .M(u0, v0) +M(u0, v0)2,

and

‖∂tun(t1)− ∂tun(t0) : H−1‖

=
∥∥∥√mu

2 −∆un(t1)−
√
mu

2 −∆un(t0) : H−1
∥∥∥

+
∥∥unvn(t1)− unvn(t0) : H−1

∥∥
. (1 +M(u0, v0)))‖(un, vn)(t1)− (un, vn)(t0) : L2‖
. (1 +M(u0, v0))

(∥∥(u0, v0) : L2 × L2
∥∥ |t1 − t0|1/2 +M(u0, v0)|t1 − t0|

)
.

Then, by Lemma 2.5, we have a subsequence of (ũn, ṽn)n∈Z>0 , still denoted by (ũn, ṽn)n∈Z>0 , and
(u′, v′) ∈ C(R, H−1 × H−1) ∩ L∞(R, H−1/2 × H−1/2) such that (∂tũn, ∂tṽn)n∈Z>0 converges to
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(u′, v′) pointwisely weakly in H−1/2 ×H−1/2. In addition, let l ∈ H1/2 and let ρ > 0. Then,∣∣∣∣∣
〈
l, ũn(t)− u0 −

∫ t

0

u′(t′)dt′
〉
L2,L2

∣∣∣∣∣
≤ ‖l : L2‖‖u0,n − u0 : L2‖+

∫ t

0

∣∣∣〈l, ∂tũn(t′)− u′(t′)〉H1/2,H−1/2

∣∣∣ dt′
≤ ‖l : L2‖‖u0,n − u0 : L2‖+

∫ t

0

∣∣∣〈ρ(ρ−∆)−1l, ∂tũn(t′)− u′(t′)
〉
H1,H−1

∣∣∣ dt′
+ t
∥∥∂tũn − u′ : L∞([0, t], H−1/2)

∥∥∥∥∥∆(ρ−∆)−1l : H1/2
∥∥∥.

Since (∂tũn)n∈Z>0 converges weakly uniformly on [0, t], the right hand side goes to 0 as λ and n
increase. This shows

u(t) = u0 +

∫ t

0

u′(t)dt′, ∂tu = u′, in H−1/2.

We also have ∂tv = v′. Then, by (NSR2) , we have (F,G) ∈ C(R, H−1×H−1)∩L∞(R, H−1/2×
H−1/2) to which (ũnṽn(t), ũ2

n(t))n∈Z>0 converges weakly in H−1/2 × H−1/2. What is left is to
show (uv, u2) = (F,G). Let ψ ∈ C∞(R, [0, 1]) with χ[−1,1] ≤ ψ ≤ χ[−2,2] and t ∈ R, where χ is a
characteristic function. By a bilinear estimate for Sobolev norms,∥∥(ψun(t), ψvn)(t) : H1/4 ×H1/4

∥∥ . ∥∥ψ : H1/2
∥∥∥∥(un, vn)(t) : H1/2 ×H1/2

∥∥
.
∥∥ψ : H1/2

∥∥M(u0, v0).

Then, by the Rellich’s theorem, there is a subsequence of ((ũn(t), ṽn(t))n∈Z>0 , still denoted by
(ũn(t), ṽn(t))n∈Z>0 , such that ((ψũn, ψṽn)(t))n∈Z>0 converges in L2×L2. Let ((uψ(t), vψ(t))n∈Z>0

be the limit of (ψũn(t), ψṽn(t))n∈Z>0 . Then, for any l ∈ L2,∣∣∣〈l, uψ(t)− ψu(t)〉L2,L2

∣∣∣
≤
∣∣∣〈l, uψ(t)− ψũn(t)〉L2,L2

∣∣∣+
∣∣∣〈ψ(−·)l, u(t)− ũn(t)〉L2,L2

∣∣∣
→ 0 as n→∞.

This means (uψ, vψ)(t) = (ψu, ψv)(t) and (ũn(t), ṽn(t))→ (u(t), v(t)) a.e. on [−1, 1]. In addition,∥∥(ψunvn(t), ψu′2n (t)) : H1/4 ×H1/4
∥∥ . ∥∥ψ : H1/2

∥∥M(u0, v0)2.

Then, we have a subsequence of ((ũn(t), ṽn(t))n∈Z>0 , still denoted by the same symbol, such that
(ψũnṽn(t), ψũ2

n(t))n∈Z>0 converges in L2×L2. Let (Fψ(t), Gψ(t)) is the limit of (ψũnṽn(t), ψũ2
n(t))n∈Z>0 .

For any l ∈ H1/2,∣∣∣〈l, Fψ(t)− ψF (t)〉H1/2,H−1/2

∣∣∣
≤
∣∣∣〈ψ(−·)l, F (t)− ũnṽn(t)

〉
H1/2,H−1/2

∣∣∣+
∣∣∣〈l, Fψ(t)− ψũnṽn(t)

〉
L2,L2

∣∣∣
→ 0 as n→∞.
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This means (ũnṽn(t))n∈Z>0 converges to F a.e. on [−1, 1]. Then, we have F (t) = uv(t) on

[−1, 1]. By translation ψ, F (t) = u(t)v(t) and G(t) = u(t)2 on R are shown.

3.2 Proof of the Continuous Dependence on Time Variable and Initial Values

Here, we show the continuous dependence of solutions in H1/2×H1/2 on time and initial values.
For the H1/2 solutions which are the weak limit of a subsequence of smooth approximations, the
continuous dependence of solutions on time in L2 × L2 topology is already shown. Then, the
energy conservation law and Lemma 2.6 show the continuous dependence on time in H1/2×H1/2

topology. Next, we show the continuous dependence on initial values. Let (u0,n, v0,n)n be a
H1/2 × H1/2 sequence which converges (u0, v0) ∈ H1/2 × H1/2 in H1/2 × H1/2 topology. Then,
E(u0,n, v0,n) converges E(u0, v0). By the energy conservation law and Lemma 2.6, it is enough
to show the continuous dependence of solutions in L2 ×L2 with respect to the initial data. Let
(u, v) be the solutions for the initial data (u0, v0) and let (un, vn) be the solutions for the initial
data (u0n , v0,n) for any n. Then,

d

dt

∥∥u(t)− un(t) : L2
∥∥2

= 2Re
(
u(t)− un(t), ∂tu(t)− ∂tun(t)

)
L2

= 2Re
(
u(t)− un(t),−i

(
uv(t)− unvn(t)

))
L2
.

For any p < 2 <∞ and 0 < t < 1,(
u(t)− un(t), uv(t)− unvn(t)

)
L2

.
∫

(|u(t)| ∨ |v(t)| ∨ |un(t)| ∨ |vn(t)|)1+2/p|u(t)− un(t)|1/p′

· (|u(t)− un(t)|1/p′ + |v(t)− vn(t)|1/p′)dx

≤
{∥∥|u(t)|1+2/p : Lp

∥∥+
∥∥|v(t)|1+2/p : Lp

∥∥
+
∥∥|un(t)|1+2/p : Lp

∥∥+
∥∥|vn(t)|1+2/p : Lp

∥∥}
·
(∥∥u(t)− un(t) : L2

∥∥2/p′
+
∥∥u(t)− un(t) : L2

∥∥1/p′ ∥∥v(t)− vn(t) : L2
∥∥1/p′

)
≤
{∥∥u(t) : Lp+2

∥∥1+2/p
+
∥∥v(t) : Lp+2

∥∥1+2/p

+
∥∥un(t) : Lp+2

∥∥1+2/p
+
∥∥vn(t) : Lp+2

∥∥1+2/p
}

·
∥∥(u, v)(t)− (un, vn)(t) : L2 × L2

∥∥2/p′

. (M(u0, v0))p1/2+1/p
∥∥(u, v)(t)− (un, vn)(t) : L2 × L2

∥∥2/p′
.

Similarly,

d

dt

∥∥v(t)− vn(t) : L2
∥∥2

.M(u0, v0)p1/2+1/p
∥∥(u, v)(t)− (un, vn)(t) : L2 × L2

∥∥2/p′
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p1/p goes to 1 as p increases. Since for any t > 0,

f ′(t) ≤ C0pf
1−1/p(t) =⇒ f(t) ≤ (C0t+ f(0)1/p)p,

where C0 is independent of t. Then,

lim sup
n→∞

{∥∥u(t)− un(t) : L∞([0, 1/C0), L2)
∥∥2

+
∥∥u(t)− un(t) : L∞([0, 1/C0), L2)

∥∥2
}

≤ (C0t)
p −→ 0 as p→∞.

This shows the locally continuous dependence of solutions on time in L2 × L2.
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Part IV

Appendix A: Exact remainder formula for the
Young inequality and applications

International Journal of Mathematical Analysis, Vol. 7, 2013, no. 55, 2723 - 2735
HIKARI Ltd, www.m-hikari.com

http://dx.doi.org/10.12988/

Copyright c© 2013 Kazumasa Fujiwara and Tohru Ozawa. This is an open access article distributed under the Creative Commons

Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is

properly cited.

Abstract

We present explicit formulae for the remainder arising in the Young, Hölder, and Clarkson inequalities.

Mathematics Subject Classification: 26D15

Keywords: Young’s inequality, Hölder’s inequality.

1 Introduction

In this part we show the way to recognize the well-known inequalities of Young, Hölder, and
Clarkson inequalities as special cases of the identities to be presented below, where necessary
and sufficient conditions for those inequalities to be equalities are given in an explicit way. This
work is motivated by [7], where explicit remainder terms of those inequalities are given. Here we
give a more precise description on the remainder with a direct and straightforward calculation.
Moreover, we improve available inequalities on the remainder. In addition, in the case where
the remainder is expressed as polynomials, we give an exact formula with explicit coefficients.

Throughout this part, the following remainder function [7] plays an important role :

R(θ; a, b) = θa+ (1− θ)b− aθb1−θ, (IV.1.1)

where a, b > 0 and 0 < θ < 1.
The standard Young inequality is described as

R(θ; a, b) ≥ 0 (IV.1.2)

for any θ ∈ (0, 1), a, b > 0. Then, the standard Hölder inequality follows from the identity∫
Ω

|fg|dµ = ‖f‖p‖g‖p′
(

1−
∫

Ω

R

(
1

p
;
|f |p

‖f‖pp
,
|g|p

′

p′

‖g‖p′p′

)
dµ

)
(IV.1.3)

for any f ∈ Lp(Ω, µ)\{0} and g ∈ Lp
′
(Ω, µ)\{0}, where Lq(Ω, µ) is the Banach space of q-th

integrable functions on a measure space (Ω, µ) with norm ‖ · ‖q, q ∈ (1,∞), and p′ is the dual
exponent to p defined by 1/p+ 1/p′ = 1.
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The purpose in this part is to give a clear understanding of the standard Young and Hölder
inequalities by an explicit description of the remainder function (IV.1.1). In Section 2, we
prepare basic identities to be used for the main theorems. In Section 3, we present explicit
formulae for the remainder function and their application. In Section 4, we study the remainder
terms for the Clarkson inequality.

There are many papers on the related subjects. We refer the reader to [1–3,3,4, 4–6,8,8, 11]
and references therein.

2 Basic Identities

The following elementary identities are basic in this part.

Proposition 2.1. Let p > 0. Then, the following equalities

xp − yp − pxp−1(x− y) = (1− p)p
∫ 1

0

t(tx+ (1− t)y)p−2dt(x− y)2, (IV.2.1)

xp − yp − pyp−1(x− y) = p(p− 1)

∫ 1

0

t(ty + (1− t)x)p−2dt(x− y)2 (IV.2.2)

hold for all x, y > 0.

proof. For completeness we give a proof, though it is elementary. By a simple and straightfor-
ward calculation, we have

xp − yp − pxp−1(x− y) = (1− p)(xp − yp) + p(xp−1 − yp−1)y

= (1− p)p
∫ 1

0

(tx+ (1− t)y)p−1dt(x− y)

+ p(p− 1)

∫ 1

0

(tx+ (1− t)y)p−2dt(x− y)y

= (1− p)p
∫ 1

0

t(tx+ (1− t)y)p−2dt(x− y)2,

xp − yp − pyp−1(x− y) = px(xp−1 − yp−1)− (p− 1)(xp − yp)

= p(p− 1)x

∫ 1

0

(ty + (1− t)x)p−2dt(x− y)

− p(p− 1)

∫ 1

0

(ty + (1− t)x)p−1dt(x− y)

= p(p− 1)

∫ 1

0

t(ty + (1− t)x)p−2dt(x− y)2,

as required. Q.E.D.

3 Explicit Formulae for the Remainder Function

In this section we present explicit formulae for the remainder function and their applications.
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Theorem 1. Let θ ∈ (0, 1). Then, the following equalities

R(θ; a, b)

= θ(1− θ)
[
θaθ
∫ 1

0

t(ta+ (1− t)b)−θ−1dt

+ (1− θ)b1−θ
∫ 1

0

t(tb+ (1− t)a)θ−2dt

]
(a− b)2 (IV.3.1)

= θ(1− θ)
[∫ 1

0

∫ t

0

(ta+ (1− t)b)θ−1(sa+ (1− s)b)−θdsdt
]

(a− b)2 (IV.3.2)

hold for all a, b > 0.

Corollary 3.1. Let θ ∈ (0, 1). Then, the following inequalities

θ(1− θ)
2

(a− b)2

min(a, b)
≥ R(θ; a, b)

≥ θ(1− θ)
2

(a− b)2

max(a, b)
≥ θ(1− θ)

2
min(a, b)

(
log

a

b

)2

(IV.3.3)

hold for all a, b > 0.

Remark 3.2. In [7], it is shown that

R(θ; a, b) =
(

log
a

b

)2
∫ 1

0

min(θ(1− t), (1− θ)t)atb1−tdt

≥ θ(1− θ)
2

min(a, b)
(

log
a

b

)2

for all a, b > 0. Therefore, (IV.3.3) is an improvement of the last inequality.

Remark 3.3. The first and second inequalities in (IV.3.3) are optimal in the sense that

lim
δ↓0

sup
0<|a−b|<δ

max(a, b)(a− b)−2R(θ; a, b)

= lim
δ↓0

inf
0<|a−b|<δ

min(a, b)(a− b)−2R(θ; a, b) =
θ(1− θ)

2
.

Proof of Theorem 1. For the first equality, we rewrite the remainder function as

R(θ; a, b)

= θaθ(a1−θ − b1−θ − (1− θ)a−θ(a− b)) + (1− θ)(bθ − aθ − θbθ−1(b− a))b1−θ

= θ2(1− θ)aθ
∫ 1

0

t(ta+ (1− t)b)−θ−1dt(a− b)2

+ (1− θ)2θb1−θ
∫ 1

0

t(tb+ (1− t)a)θ−2dt(a− b)2,

where we have used (IV.2.1) with (x, y, p) = (a, b, 1− θ) and (x, y, p) = (b, a, θ). For the second
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equality, we rewrite the remainder function as

R(θ; a, b) = θ(1− θ)aθ
∫ a

b

ξ−θdξ − θ(1− θ)b1−θ
∫ a

b

ξθ−1dξ

= θ(1− θ)
∫ a

b

ξ−θ(aθ − ξθ)dξ + θ(1− θ)
∫ a

b

ξθ−1(ξ1−θ − b1−θ)dξ

= θ2(1− θ)
∫ a

b

ξ−θ
(∫ a

ξ

ηθ−1dη

)
dξ + θ(1− θ)2

∫ a

b

ξθ−1

(∫ ξ

b

η−θdη

)
dξ

= θ(1− θ)
∫ a

b

(∫ ξ

b

η−θdη

)
ξθ−1dξ

= θ(1− θ)
∫ a

b

(∫ 1

0

(sξ + (1− s)b)−θds(ξ − b)
)
ξθ−1dξ

= θ(1− θ)
∫ 1

0

(ta+ (1− t)b)θ−1

·
∫ 1

0

(
s
(
ta+ (1− t)b

)
+ (1− s)b

)−θ
ds

((
ta+ (1− t)b

)
− b
)
dt(a− b)

= θ(1− θ)
[∫ 1

0

∫ t

0

(ta+ (1− t)b)θ−1(sa+ (1− s)b)−θds dt
]

(a− b)2.

Q.E.D.

Proof of Corollary 3.1. The first and second inequalities in (IV.3.3) follow from the inequal-
ities

1

min(a, b)
≥ 2

∫ 1

0

∫ t

0

(ta+ (1− t)b)θ−1(sa+ (1− s)b)−θds dt ≥ 1

max(a, b)
.

By substituting x = a/b or x = b/a, the last inequality in (IV.3.3) follows from the inequality

(x− 1)2 ≥ x(log x)2

for all x > 0. Q.E.D.

We give another explicit formula for the remainder function, which implies a polynomial
representation for rational θ.

Theorem 2. Let m,n be two positive real numbers. Then, the following equality

R

(
m

m+ n
;xm+n, ym+n

)
=

mn

m+ n

[
(n− 1)

∫ 1

0

t(ty + (1− t)x)n−2dt xm

+(m− 1)

∫ 1

0

t(tx+ (1− t)y)m−2dt yn + xm−1yn−1

]
(x− y)2 (IV.3.4)

holds for all x, y > 0.
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Corollary 3.4. Let m,n be two positive integers. Then, the following equality

m

m+ n
xm+n +

n

m+ n
ym+n − xmyn

=
(x− y)2

m+ n

[
m

n−1∑
k=1

kxm+n−1−kyk−1 + n
m−1∑
k=1

kym+n−1−kxk−1 +mnxm−1yn−1

]
(IV.3.5)

holds as polynomials in x, y.

Remark 3.5. Identity (IV.3.5) was first proved in [7] by an induction argument. See also [3]
for a characterization of the Young inequality in the framework of polynomials.

Proof of Theorem 2. We rewrite the remainder function as

R

(
m

m+ n
;xm+n, ym+n

)
=

m

m+ n
xm(xn − yn − nyn−1(x− y)) +

n

m+ n
(ym − xm −mxm−1(y − x))yn

+
mn

m+ n
xm−1yn−1(x− y)2

and apply (IV.2.1) and (IV.2.2) to obtain (IV.3.4). Q.E.D.

Proof of Corollary 3.4. We complete the integral on the right hand side of (IV.3.4). For
instance,

(n− 1)

∫ 1

0

t(ty + (1− t)x)n−2dt

= (n− 1)
n−2∑
k=0

(
n− 2
k

)
xn−2−kyk

∫ 1

0

tk+1(1− t)n−2−kdt

= (n− 1)
n−2∑
k=0

(n− 2)!

(n− 2− k)!k!

(n− 2− k)!(k + 1)!

n!
xn−2−kyk

=
1

n

n−2∑
k=0

(k + 1)xn−2−kyk.

Q.E.D.
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Remark 3.6. Here are examples of (IV.3.5) up to degree 10.

1

2
x2 +

1

2
y2 − xy =

1

2
(x− y)2,

1

3
x3 +

2

3
y3 − xy2 =

1

3

{
x+ 2y

}
(x− y)2,

1

4
x4 +

3

4
y4 − xy3 =

1

4

{
x2 + 2xy + 3y2

}
(x− y)2,

1

5
x5 +

4

5
y5 − xy4 =

1

5

{
x3 + 2x2y + 3xy2 + 4y3

}
(x− y)2,

1

6
x6 +

5

6
y6 − xy5 =

1

6

{
x4 + 2x3y + 3x2y2 + 4xy3 + 5y4

}
(x− y)2,

1

7
x7 +

6

7
y7 − xy6 =

1

7

{
x5 + 2x4y + 3x3y2 + 4x2y3 + 5y4 + 6y5

}
(x− y)2,

1

8
x8 +

7

8
y8 − xy7

=
1

8

{
x6 + 2x5y + 3x4y2 + 4x3y3 + 5x2y4 + 6xy5 + 7y6

}
(x− y)2,

1

9
x9 +

8

9
y9 − xy8

=
1

9

{
x7 + 2x6y + 3x5y2 + 4x4y3 + 5x3y4 + 6x2y5 + 7xy6 + 8y7

}
(x− y)2,

1

10
x10 +

9

10
y10 − xy9 =

1

10

{
x8 + 2x7y + 3x6y2 + 4x5y3 + 5x4y4

+ 6x3y5 + 7x2y6 + 8xy7 + 9y8
}

(x− y)2,

2

4
x4 +

2

4
y4 − x2y2 =

1

4

{
2x2 + 4xy

}
(x− y)2,

2

5
x5 +

3

5
y5 − x2y3 =

1

5

{
2x3 + 4x2y + 6xy2 + 3y3

}
(x− y)2,

2

6
x6 +

4

6
y6 − x2y4 =

1

6

{
2x4 + 4x3y + 6x2y2 + 8xy3 + 4y4

}
(x− y)2,

2

7
x7 +

5

7
y7 − x2y5 =

1

7

{
2x5 + 4x4y + 6x3y2 + 8x2y3 + 10xy4 + 5y5

}
(x− y)2,

2

8
x8 +

6

8
y8 − x2y6

=
1

8

{
2x6 + 4x5y + 6x4y2 + 8x3y3 + 10x2y4 + 12xy5 + 6y6

}
(x− y)2,

2

9
x9 +

7

9
y9 − x2y7

=
1

9

{
2x7 + 4x6y + 6x5y2 + 8x4y3 + 10x3y4 + 12x2y5 + 14xy6 + 7y7

}
(x− y)2,

46



2

10
x10 +

8

10
y10 − x2y8 =

1

10

{
2x8 + 4x7y + 6x6y2 + 8x5y3 + 10x4y4

+ 12x3y5 + 14x2y6 + 16xy7 + 8y8
}

(x− y)2,

3

6
x6 +

3

6
y6 − x3y3 =

1

6

{
3x4 + 6x3y + 9x2y2 + 6xy3

}
(x− y)2,

3

7
x7 +

4

7
y7 − x3y4 =

1

7

{
3x5 + 6x4y + 9x3y2 + 12x2y3 + 8xy4 + 4y5

}
(x− y)2,

3

8
x8 +

5

8
y8 − x3y5

=
1

8

{
3x6 + 6x5y + 9x4y2 + 12x3y3 + 15x2y4 + 10xy5 + 5y6

}
(x− y)2,

3

9
x9 +

6

9
y9 − x3y6 =

1

9

{
3x7 + 6x6y + 9x5y2 + 12x4y3

+ 15x3y4 + 18x2y5 + 12xy6 + 6y7
}

(x− y)2,

3

10
x10 +

7

10
y10 − x3y7 =

1

10

{
3x8 + 6x7y + 9x6y2 + 12x5y3 + 15x4y4

+ 18x3y5 + 21x2y6 + 14xy7 + 7y8
}

(x− y)2,

4

8
x8 +

4

8
y8 − x4y4

=
1

8

{
4x6 + 8x5y + 12x4y2 + 16x3y3 + 12x2y4 + 8xy5

}
(x− y)2,

4

9
x9 +

5

9
y9 − x4y5 =

1

9

{
4x7 + 8x6y + 12x5y2 + 16x4y3

+ 20x3y4 + 15x2y5 + 10xy6 + 5y7
}

(x− y)2,

4

10
x10 +

6

10
y10 − x4y6 =

1

10

{
4x8 + 8x7y + 12x6y2 + 16x5y3 + 20x4y4

+ 24x3y5 + 18x2y6 + 12xy7 + 6y8
}

(x− y)2,

5

10
x10 +

5

10
y10 − x5y5 =

1

10

{
5x8 + 10x7y + 15x6y2 + 20x5y3 + 25x4y4

+ 20x3y5 + 15x2y6 + 10xy7
}

(x− y)2.

4 Remainder Formulae for the Clarkson Inequality

In this section we study the remainder for the Clarkson inequality.
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Theorem 3. Let p ≥ 1. Then, the following equalities

2p−1ap + 2p−1bp − (a+ b)p

=
p(p− 1)

2

[∫ 1

0

t(a+ (1− t)a+ tb)p−2dt+

∫ 1

0

t(b+ (1− t)b+ ta)p−2dt

]
· (a− b)2

=
p(p− 1)

2

[∫ 1

0

∫ 1

0

((t+ s)(a− b) + 2b)p−2dt ds

]
(a− b)2 (IV.4.1)

hold for all a, b > 0.

Corollary 4.1. (1) Let p ≥ 2. Then, the following inequalities

2p−1ap + 2p−1bp − (a+ b)p ≥ (2p−1 − 1)|a− b|p ≥ |a− b|p (IV.4.2)

hold for all a, b > 0.

(2) Let 1 ≤ p ≤ 2. Then, the following inequalities

2p−1ap + 2p−1bp − (a+ b)p ≤ (2p−1 − 1)|a− b|p ≤ |a− b|p (IV.4.3)

hold for all a, b > 0.

(3) Let p ≥ 1. Then, the following inequity∣∣∣∣a+ b

2

∣∣∣∣p +

∣∣∣∣a− b2

∣∣∣∣p ≤ 2−min(p−1,1)(|a|p + |b|p) (IV.4.4)

holds for all a, b > 0.

Proof of Theorem 3. For the first equality, we write

2p−1ap + 2p−1bp − (a+ b)p

= 2p−1

(
ap −

(
a+ b

2

)p
− p

(
a+ b

2

)p−1(
a− a+ b

2

))

+ 2p−1

(
bp −

(
a+ b

2

)p
− p

(
a+ b

2

)p−1(
b− a+ b

2

))

= 2p−1p(p− 1)

∫ 1

0

t

(
t
a+ b

2
+ (1− t)a

)p−2

dt

(
a− b

2

)2

+ 2p−1p(p− 1)

∫ 1

0

t

(
t
a+ b

2
+ (1− t)b

)p−2

dt

(
a− b

2

)2

,

where we have used (IV.2.2) with (x, y) = (a, (a+ b)/2) and (x, y) = (b, (a+ b)/2).
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For the second equality, we write

2p−1ap + 2p−1bp − (a+ b)p

=
p

2

∫ a

b

((ξ + a)p−1 − (ξ + b)p−1)dξ

=
p(p− 1)

2

∫ a

b

∫ a

b

(ξ + η)p−2dξ dη

=
p(p− 1)

2

∫ 1

0

∫ 1

0

((t+ s)a+ (1− t− s)b+ b)p−2dt ds(a− b)2.

Q.E.D.

Proof of Corollary 4.1. We may assume that a ≥ b > 0.
(1) We estimate the right hand side of the last equality of (IV.4.1) from below as

p(p− 1)

2

[∫ 1

0

∫ 1

0

((t+ s)(a− b) + 2b)p−2dt ds

]
(a− b)2

≥ p(p− 1)

2
(a− b)p

∫ 1

0

∫ 1

0

(t+ s)p−2dt ds = (2p−1 − 1)(a− b)p

which yields (IV.4.2).

(2) We estimate the right hand side of the last equality of (IV.4.1) as

p(p− 1)

2

[∫ 1

0

∫ 1

0

((t+ s)(a− b) + 2b)p−2dt ds

]
(a− b)2

≤ p(p− 1)

2
(a− b)p

∫ 1

0

∫ 1

0

(t+ s)p−2dt ds = (2p−1 − 1)(a− b)p

which yields (IV.4.3).

(3) If p ≥ 2, then (IV.4.4) follows directly from (IV.4.2). If 1 ≤ p ≤ 2, then we apply (IV.4.3)
to α = (a+ b)/2 and β = (a− b)/2 to obtain∣∣∣∣a+ b

2

∣∣∣∣p +

∣∣∣∣a− b2

∣∣∣∣p = 21−p (2p−1|α|p + 2p−1|β|p
)

≤ 21−p
(

(|α|+ |β|)p +
∣∣∣|α| − |β|∣∣∣p)

= 21−p (|α + β|p + |α− β|p) = 21−p(|a|p + |b|p),

which is precisely (IV.4.4).
Q.E.D.

Remark 4.2. Inequalities (IV.4.2) - (IV.4.4) are optimal in the sense that they are equalities
when a = b for p ≥ 2 and b = 0 for p ≤ 2.
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Theorem 4. Let n be an integer with n ≥ 2. Then, the following equality

2nxn + 2nyn − 2(x+ y)n

= (x− y)2

n−2∑
k=0

(
(k + 1)

n−2∑
j=k

(
n

j + 2

)
+ (n− k − 1)

n−2∑
j=n−k−2

(
n

j + 2

))
· xkyn−2−k (IV.4.5)

holds as polynomials in x, y.

proof. We compute the integrals on the right hand side of the first equality of (IV.4.1). For
instance, for an integer m ≥ 0∫ 1

0

t(y + (1− t)y + tx)mdt

=
m∑
j=0

(
m
j

)
ym−j

∫ 1

0

t((1− t)y + tx)jdt

=
m∑
j=0

j∑
k=0

(
m
j

)(
j
k

)
ym−j+(j−k)xk

∫ 1

0

tk+1(1− t)j−kdt

=
m∑
j=0

j∑
k=0

m!

(m− j)!j!
j!

(j − k)!k!

(k + 1)!(j − k)!

(j + 2)!
xkym−k

=
1

(m+ 2)(m+ 1)

m∑
j=0

j∑
k=0

(k + 1)

(
m+ 2
j + 2

)
xkym−k.

Q.E.D.
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Remark 4.3. Here are examples of (IV.4.5) up to degree 10.

22a2 + 22b2 − 2(a+ b)2 = 2(a− b)2,

23a3 + 23b3 − 2(a+ b)3 = 2
{

3b+ 3a
}

(a− b)2,

24a4 + 24b4 − 2(a+ b)4 = 2
{

7b2 + 10ab+ 7a2
}

(a− b)2,

25a5 + 25b5 − 2(a+ b)5 = 2
{

15b3 + 25ab2 + 25a2b+ 15a3
}

(a− b)2,

26a6 + 26b6 − 2(a+ b)6 = 2
{

31b4 + 56ab3 + 66a2b2 + 56a3b+ 31a4
}

(a− b)2,

27a7 + 27b7 − 2(a+ b)7

= 2
{

63b5 + 119ab4 + 154a2b3 + 154a3b2 + 119a4b+ 63a5
}

(a− b)2,

28a8 + 28b8 − 2(a+ b)8 = 2
{

127b6 + 246ab5 + 337a2b4

+ 372a3b3 + 337a4b2 + 246a5b+ 127a6
}

(a− b)2,

29a9 + 29b9 − 2(a+ b)9 = 2
{

255b7 + 501ab6 + 711a2b5 + 837a3b4

+ 837a4b3 + 711a5b2 + 501a6b+ 255a7
}

(a− b)2,

210a10 + 210b10 − 2(a+ b)10

= 2
{

511b8 + 1012ab7 + 1468a2b6 + 1804a3b5 + 1930a4b4

+ 1804a5b3 + 1468a6b2 + 1012a7b+ 511a8
}

(a− b)2.
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Part V

Appendix B: Identities for the difference
between the arithmetic and geometric means

Abstract

We prove a formula which expresses the difference between the arithmetic mean of variables of odd
numbers and the corresponding geometric mean in the form of a linear combination of independent variables
with coefficients given by sums of squares of polynomials.

Keywords: Arithmetic mean, Geometric mean, Hurwitz’ identity, Muirhead’s
identity
MSC(2010): 26C, 26D05, 26D15.

1 Introduction

In this part we study expressions for the difference between the arithmetic mean of n variables
and their geometric mean. Regarding the difference between the arithmetic and geometric
means, explicit formulae are given by Hurwitz [15] and Muirhead [16]. Moreover, in [14, Chapter
2], the difference is written as a sum of squares if n is even, namely, for n even, there exist
polynomials {Pi; i ∈ In} such that

1

n

n∑
j=1

xnj −
n∏
j=1

xj =
∑
i∈In

(Pi(x1, · · · , xn))2 (V.1.1)

and Pi(x1, · · · , xn) = 0 for all i ∈ In if and only if x1 = · · · = xn.
The purpose of this part is to present a formula which expresses the difference in the form

of a linear combination of n variables with coefficients given by sums of squares if n is odd,
namely, for n odd, there exist polynomials {Pij; 1 ≤ i ≤ n, j ∈ Jn} such that

1

n

n∑
j=1

xnj −
n∏
j=1

xj =
n∑
i=1

xi
∑
j∈Jn

(Pij(x1, · · · , xn))2 (V.1.2)

and Pij(x1, · · · , xn) = 0 for all i, j if and only if x1 = · · · = xn. Particularly, an explicit formula
is described for (V.1.2) (See Theorem 4.2 in Section 4 below). The formula is reduced to the
well-known factorization for n = 3. It may be new even when n = 5 (see Section 5 below).

There is a large literature on the arithmetic and geometric means. We refer [1–11,13,17–20]
for related subjects. In [19], an explicit representation of the difference (x1 + · · · + xn)n −
nnx1 · · ·xn is given as a sum of pij(x1, · · ·xn)(xi − xj)2 over all i, j with 1 ≤ i < j ≤ n, where
pi,j are homogeneous polynomials of degree n − 2. Our problem is different from that of [19].
In [10], our problem is studied in an algebraic setting but the corresponding representation is
not written down explicitly.

This part is organized as follows. In Section 2, we collect some basic notation and identities.
In Section 3, we prove preliminary propositions. In Section 4, we give the main theorems.
An explicit formula for (V.1.2) is derived form the corresponding formula for (V.1.1), which is
written essentially in [14]. In Section 5, we discuss examples.
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2 Preliminaries

In this section, we collect basic notation and identities. First, we fix some basic notation and
definitions. Z≥0 [resp. Z>0] denotes the set of all nonnegative [resp. positive] integers. For
any set A, χA denotes its characteristic function. For any n ∈ Z>0, Sn denotes the symmetry
group of degree n. In a field, sum [resp. product] of elements with indices over the empty set is
understood to be 0 [resp. 1]. In a ring, a ≡ b (mod m) denotes the congruence relation modulo
m.

Definition 2.1. For any n ∈ Z>0, pn : Z≥0 → Z≥0 is defined as

pn(j) ≡ 2j (mod 2n+ 1) and 0 ≤ pn(j) ≤ 2n.

Proposition 2.2. Let n ∈ Z>0. The mapping pn : Z≥0 → Z≥0 is characterized inductively by

pn(0) = 1,

pn(j + 1) =

{
2pn(j) if pn(j) ≤ n,

2pn(j)− 2n− 1 if pn(j) ≥ n+ 1,

for j ∈ Z≥0.

Proof is straightforward and omitted. �

Definition 2.3. For any n ∈ Z>0, λ(n) ∈ Z>0 is defined as

λ(n) = min{j ∈ Z>0 ; 2j ≡ 1 (mod 2n+ 1)}.

Remark 2.4. Let ϕ be the Euler function. The theorem of Euler implies that 2ϕ(2n+1) ≡
1 (mod 2n + 1) and therefore λ(n) ≤ ϕ(2n + 1). For any n ∈ Z>0, 2n + 1 ≥ 3 and therefore
λ(n) ≥ 2. Hence 2 ≤ λ(n) ≤ ϕ(2n+ 1).

Remark 2.5. As is easily guessed by the behavior of the Euler function, it is difficult to describe
a formation of the behavior of λ in a simple way. In special cases, however, we have simple
identities such as

λ(2l − 1) = l + 1, (V.2.1)

λ(2l−1) = 2l (V.2.2)

for any l ∈ Z>0.

Remark 2.6. Some explicit values of pn(j) and λ(n) are given in Table 2.1. Values of j are
indicated on the top row, and n on the left column. The values of λ(n) are indicated on the last
column. Other components of Table 2.1 shows values of pn(j).
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Definition 2.7. χ+ = χ2Z, χ− = χ2Z+1. Namely, χ+ [resp. χ−] takes 1 on even [resp. odd]
integers and 0 on odd [resp. even] integers.

Definition 2.8. For any n ∈ Z>0, σ±n (j) : Z≥0 → Z≥0 are defined as

σ±n (j) =

j∑
i=1

2j−iχ±(pn(i)).

Remark 2.9. The following identities hold:

χ±(j) =
1± (−1)j

2
, (V.2.3)

pn(j + 1) = 2pn(j)− χ−(pn(j + 1))(2n+ 1), (V.2.4)

σ+
n (j) + σ−n (j) = 2j − 1. (V.2.5)

Proposition 2.10. For any n ∈ Z>0 and j ∈ Z≥0,

2j − pn(j) = σ−n (j)(2n+ 1). (V.2.6)

proof. Let n ∈ Z>0. We prove (V.2.6) by induction on j ∈ Z≥0. For j = 0, 1, (V.2.6) is trivial,
since pn(0) = 1, pn(1) = 2, σ−n (0) = σ−n (1) = 0. Given (V.2.6), we have

2j+1 − pn(j + 1) = 2(2j − pn(j)) + χ−(pn(j + 1))(2n+ 1)

= (2σ−n (j) + χ−(pn(j + 1))(2n+ 1) = σ−n (j + 1)(2n+ 1),

which completes the induction argument. Q.E.D.

Proposition 2.11. For any m,n ∈ Z>0,

pn(mλ(n)) = 1, (V.2.7)

σ−n (mλ(n)) =
2mλ(n) − 1

2n+ 1
, (V.2.8)

σ+
n (mλ(n)) =

2n(2mλ(n) − 1)

2n+ 1
. (V.2.9)

proof. By definition, there exists a unique q(n) ∈ Z>0 such that 2λ(n)−1 = q(n)(2n+ 1), which
together with the identity 2mλ(n) − 1 = (2λ(n) − 1)

∑m−1
j=0 2λ(n)j yields (V.2.7). By (V.2.6) and

(V.2.7), we have (V.2.8). By (V.2.5) and (V.2.8), we have (V.2.9). Q.E.D.

3 Key Propositions

In this section, we prepare key propositions for the proof of the main theorems in the next
section.

Proposition 3.1. For any m,n ∈ Z>0,

x2ny =
2n

2n+ 1
x2n+1 +

1

2n+ 1
y2n+1 − Sm,n(x, y), (V.3.1)
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where

Sm,n(x, y) =
2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−iχ+(pn(i))x2n+1−pn(i)
(
xpn(i−1) − ypn(i−1)

)2

+
2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−iχ−(pn(i))ypn(i)
(
x2n+1−pn(i−1) − y2n+1−pn(i−1)

)2
. (V.3.2)

Remark 3.2. The identity (V.3.1) shows that Sm,n(x, y) is the remainder of the Young inequal-
ity

x2ny ≤ 2n

2n+ 1
x2n+1 +

1

2n+ 1
y2n+1

for all x, y ≥ 0, where equality is attained if and only if x = y. See [3] for related subjects.

Remark 3.3. The identity (V.3.1) reduces to (V.2.8) [resp. (V.2.9)] when x = 0, y = 1 [resp.
x = 1, y = 0].

Remark 3.4. All terms are of degree 2n+ 1 as monomials of x and y. Indeed, for pn(i) even,
pn(i) = 2pn(i − 1) and therefore 2n + 1 − pn(i) + 2pn(i − 1) = 2n + 1, while for pn(i) odd,
pn(i) = 2pn(i− 1)− 2n− 1 and therefore pn(i) + 2(2n+ 1− pn(i− 1)) = 2n+ 1.

Remark 3.5. In the cases where n = 2l − 1 and n = 2l−1 with l ∈ Z>0, by Remark 2.2, the
identity (V.3.1) with m = 1 takes the following simple form:

x2(2l−1)y =
2(2l − 1)

2(2l − 1) + 1
x2(2l−1)+1 +

1

2(2l − 1) + 1
y2(2l−1)+1

− 2l+1

2(2l − 1) + 1

l∑
i=1

2−ix2l+1−2i−1
(
x2i−1 − y2i−1

)2

− 1

2(2l − 1) + 1
y
(
x2l−1 − y2l−1

)2

,

x2ly =
2l

2l + 1
x2l+1 +

1

2l + 1
y2l+1

− 22l

22l − 1

l∑
i=1

2−ix2l−2i+1
(
x2i−1 − y2i−1

)2

− 2l

22l − 1

l∑
i=1

2−iy2l−2i+1
(
x2i−1 − y2i−1

)2

.

Proof of Proposition 3.1. We expand terms in Sm,n(x, y) and use identities in Proposition 2.3
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and Remarks 2.4 and 3.3 to obtain

Sm,n(x, y)

=
2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−iχ+(pn(i))
(
x2n+1 − 2x2n+1−pn(i−1)ypn(i−1) + x2n+1−pn(i)ypn(i)

)
+

2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−iχ−(pn(i))
(
x2n+1−pn(i)ypn(i) − 2x2n+1−pn(i−1)ypn(i−1) + y2n+1

)
=

2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−iχ+(pn(i))x2n+1 +
2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−iχ−(pn(i))y2n+1

− 2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−i+1
(
χ+(pn(i)) + χ−(pn(i))

)
x2n+1−pn(i−1)ypn(i−1)

+
2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

2−i
(
χ+(pn(i)) + χ−(pn(i))

)
x2n+1−pn(i)ypn(i)

=
1

2mλ(n) − 1
σ+
n (mλ(n))x2n+1 +

1

2mλ(n) − 1
σ−n (mλ(n))y2n+1

+
2mλ(n)

2mλ(n) − 1

mλ(n)∑
i=1

(
2−ix2n+1−pn(i)ypn(i) − 2−i+1x2n+1−pn(i−1)ypn(i−1)

)
=

2n

2n+ 1
x2n+1 +

1

2n+ 1
y2n+1

+
2mλ(n)

2mλ(n) − 1

(
2−mλ(n)x2n+1−pn(mλ(n))ypn(mλ(n)) − x2n+1−pn(0)ypn(0)

)
=

2n

2n+ 1
x2n+1 +

1

2n
y2n+1 − x2ny,

as required. Q.E.D.

Definition 3.6. For any n ∈ Z>0, νn : Z>0 → Z>0 is defined as

νn(j) =

{
j if j ≤ 2n+ 1,

j − 2n− 1 if j ≥ 2n+ 2.

Remark 3.7. For any n ∈ Z>0,

2n+1∑
i=1

∑
j 6=i

x2n
i xj =

2n+1∑
j=1

xj

2n∑
i=1

x2n
νn(i+j),

2n+1∏
i=1

xi =
1

2n+ 1

2n+1∑
j=1

xj

2n∏
i=1

xνn(i+j).
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Proposition 3.8. For any m,n ∈ Z>0,

2n+1∑
i=1

x2n+1
i =

1

2n

2n+1∑
j=1

xj

2n∑
i=1

x2n
νn(i+j) +

1

2n

2n+1∑
i=1

2n+1∑
j=1

Sm,n(xi, xj), (V.3.3)

where Sm,n(x, y) is as in (V.3.2).

proof. By Proposition 3.1,

2n+1∑
i=1

∑
j 6=i

x2n
i xj =

2n+1∑
i=1

∑
j 6=i

(
2n

2n+ 1
x2n+1
i +

1

2n+ 1
x2n+1
j − Sm,n(xi, xj)

)

=
(2n)2

2n+ 1

2n+1∑
i=1

x2n+1
i +

2n

2n+ 1

2n+1∑
j=1

x2n+1
j −

2n+1∑
i=1

∑
j 6=i

Sm,n(xj, xi)

= 2n
2n+1∑
i=1

x2n+1
i −

2n+1∑
i=1

2n+1∑
j=1

Sm,n(xi, xj),

since Sm,n(x, x) = 0. The proposition then follows from Remark 3.5. Q.E.D.

4 Main Theorems

In this section we state the main theorems. For that purpose we recall the argument of Hurwitz
and Muirhead on symmetric means.

Lemma 4.1 ( [14]). For any n ∈ Z>0,

1

n

n∑
i=1

xni −
n∏
i=1

xi =
1

2 · n!

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

xn−j−k−1
σ(1) xkσ(2)

(
xσ(1) − xσ(2)

)2
j+1∏
l=3

xσ(l).
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proof. The lemma follows by writing

1

n

n∑
i=1

xni −
n∏
i=1

xi =
1

n!

∑
σ∈Sn

xnσ(1) −
1

n!

∑
σ∈Sn

n∏
i=1

xσ(i)

=
1

n!

n−1∑
j=1

(∑
σ∈Sn

xn−j+1
σ(1)

j∏
l=2

xσ(l) −
∑
σ∈Sn

xn−jσ(1)

j+1∏
l=2

xσ(l)

)

=
1

2 · n!

n−1∑
j=1

(∑
σ∈Sn

xn−j+1
σ(1)

j+1∏
l=3

xσ(l) +
∑
σ∈Sn

xn−j+1
σ(2)

j+1∏
l=3

xσ(l)

−
∑
σ∈Sn

xn−jσ(1)xσ(2)

j+1∏
l=3

xσ(i) −
∑
σ∈Sn

xn−jσ(2)xσ(1)

j+1∏
l=3

xσ(i)

)

=
1

2 · n!

n−1∑
j=1

∑
σ∈Sn

(
xn−jσ(1) − x

n−j
σ(2)

)
(xσ(1) − xσ(2))

j+1∏
l=3

xσ(l)

=
1

2 · n!

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

xn−j−k−1
σ(1) xkσ(2)

(
xσ(1) − xσ(2)

)2
j+1∏
l=3

xσ(l).

Q.E.D.

The following identity provides a sum of squares formula in the even case. We write it down
in the form that we use for the proof of the main theorem in the odd case.

Theorem 1 ( [14]). For any n ∈ Z>0,

1

2n

2n∑
i=1

x2n
i −

2n∏
i=1

xi

=
1

4 · n!

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

x
2(n−j−k−1)
σ(1) x2k

σ(2)

(
x2
σ(1) − x2

σ(2)

)2
j+1∏
l=3

x2
σ(l)

+
1

4 · n!

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

x
2(n−j−k−1)
n+σ(1) x2k

n+σ(2)

(
x2
n+σ(1) − x2

n+σ(2)

)2
j+1∏
l=3

x2
n+σ(l)

+
1

2

(
n∏
i=1

xi −
n∏
i=1

xn+i

)2

.

proof. The theorem follows by applying Lemma 4.1 to the identity,

1

2n

2n∑
i=1

x2n
i −

2n∏
i=1

xi =
1

2

(
1

n

n∑
i=1

(x2
i )
n −

n∏
i=1

x2
i

)
+

1

2

(
1

n

n∑
i=1

(x2
n+i)

n −
n∏
i=1

x2
n+i

)

+
1

2

(
n∏
i=1

xi −
n∏
i=1

xn+i

)2

.
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Q.E.D.

We are in a position to prove the main result.

Theorem 2. For any n ∈ Z>0,

1

2n+ 1

2n+1∑
i=1

x2n+1
i −

2n+1∏
i=1

xi

=
1

4(2n+ 1) · n!

2n+1∑
i=1

xi

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

x
2(n−j−k−1)
νn(i+σ(1)) x2k

νn(i+σ(2))

·
(
x2
νn(i+σ(1)) − x2

νn(i+σ(2))

)2
j+1∏
l=3

x2
νn(i+σ(l))

+
1

4(2n+ 1) · n!

2n+1∑
i=1

xi

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

x
2(n−j−k−1)
νn(i+n+σ(1))x

2k
νn(i+n+σ(2))

·
(
x2
νn(i+n+σ(1)) − x2

νn(i+n+σ(2))

)2
j+1∏
l=3

x2
νn(i+n+σ(l))

+
1

2(2n+ 1)

2n+1∑
i=1

xi

(
n∏
j=1

xνn(i+j) −
n∏
j=1

xνn(i+n+j)

)2

+
1

2n(2n+ 1)

2n+1∑
i=1

2n+1∑
j=1

S1,n(xi, xj), (V.4.1)

where S1,n(x, y) is as in (V.3.2) with m = 1.

proof. By Remark 3.5 and Proposition 3.2, we have

1

2n+ 1

2n+1∑
i=1

x2n+1
i −

2n+1∏
i=1

xi

=
1

2n+ 1

2n+1∑
i=1

xi

(
1

2n

2n∑
j=1

x2n
νn(i+j) −

2n∏
j=1

xνn(i+j)

)
+

1

2n(2n+ 1)

2n+1∑
i=1

2n+1∑
j=1

S1,n(xi, xj).

Then, the theorem follows from Theorem 4.1. Q.E.D.
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5 Examples

In this section, we show some explicit formulae of Theorem 4.2. For n ∈ Z>0, we define R1(n)
and R2(n) as follows;

R1(n) =
1

4(2n+ 1) · n!

2n+1∑
i=1

xi

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

x
2(n−j−k−1)
νn(i+σ(1)) x2k

νn(i+σ(2)),

R2(n) =
1

4(2n+ 1) · n!

2n+1∑
i=1

xi

n−1∑
j=1

n−j−1∑
k=0

∑
σ∈Sn

x
2(n−j−k−1)
νn(i+n+σ(1))x

2k
νn(i+n+σ(2)).

R1(n) is the first term on RHS of (V.4.1) and R2(n) is the second one.

1. The case of 3 variables.

In this case, R1(1) and R2(1) are equal to 0 and

3∑
i=1

3∑
j=1

S1,1(xi, xj) =
4

3

3∑
i=1

3∑
j=1

1

2
xi(xi − xj)2 +

1

4
xj(xi − xj)2

=
3∑
i=1

3∑
j=1

xi(xi − xj)2.

Then,

1

3

3∑
i=1

x3
i −

3∏
i=1

xi =
1

6
(x1 + x2 + x3)

{
(x1 − x2)2 + (x2 − x3)2 + (x3 − x1)2

}
.

2. The case of 5 variables.

R1(2) and R2(2) are computed as

R1(2) =
1

4 · 5 · 2

5∑
i=1

xi

[(
x2
νn(i+1) − x2

νn(i+2)

)2
+
(
x2
νn(i+2) − x2

νn(i+1)

)2
]
,

R2(2) =
1

20

5∑
i=1

xi

[(
x2
νn(i+3) − x2

νn(i+4)

)2
]
.
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In addition,

1

20

5∑
i=1

5∑
j=1

S1,2(xi, xj)

=
1

20
· 16

15

5∑
i=1

5∑
j=1

{
1

2
x3
i (xi − xj)2 +

1

4
xi(x

2
i − x2

j)
2 +

1

8
x3
j(xi − xj)2 +

1

16
xj(x

2
i − x2

j)
2

}

=
1

30

5∑
i=1

5∑
j=1

x3
i (xi − xj)2 +

1

60

5∑
i=1

5∑
j=1

x3
i (xi − xj)2.

Then,

1

5

5∑
i=1

x5
i −

5∏
i=1

xi

=
1

20
x1

{
(x2

2 − x2
3)2 + (x2

4 − x2
5)2 + 2(x2x3 − x4x5)2

}
+

1

20
x2

{
(x2

3 − x2
4)2 + (x2

5 − x2
1)2 + 2(x3x4 − x5x1)2

}
+

1

20
x3

{
(x2

4 − x2
5)2 + (x2

1 − x2
2)2 + 2(x4x5 − x1x2)2

}
+

1

20
x4

{
(x2

5 − x2
1)2 + (x2

2 − x2
3)2 + 2(x5x1 − x2x3)2

}
+

1

20
x5

{
(x2

1 − x2
2)2 + (x2

3 − x2
4)2 + 2(x1x2 − x3x4)2

}
+

1

30

5∑
i=1

5∑
j=1

x3
i (xi − xj)2 +

1

60

5∑
i=1

5∑
j=1

xi(x
2
i − x2

j)
2.

3. The case of 7 variables.
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We compute

R1(3)

=
1

168

7∑
i=1

xi
∑
σ∈S3

(
x2
ν3(i+σ(1)) + x2

ν3(i+σ(2)) + x2
ν3(i+σ(3))

) (
x2
ν3(i+σ(1)) − x2

ν3(i+σ(2))

)2

=
1

168

7∑
i=1

xi
(
x2
ν3(i+1) + x2

ν3(i+2) + x2
ν3(i+3)

) ∑
σ∈S3

(
x2
ν3(i+σ(1)) − x2

ν3(i+σ(2))

)2

=
1

84

7∑
i=1

xi
(
x2
ν3(i+1) + x2

ν3(i+2) + x2
ν3(i+3)

)
·
{(
x2
ν3(i+1) − x2

ν3(i+2)

)2
+
(
x2
ν3(i+2) − x2

ν3(i+3)

)2
+
(
x2
ν3(i+3) − x2

ν3(i+1)

)2
}
.
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Then,

1

7

7∑
i=1

x7
i −

7∏
i=1

xi

=
x1

84

[
(x2

2 + x2
3 + x2

4)
{

(x2
2 − x2

3)2 + (x2
3 − x2

4)2 + (x2
4 − x2

2)2
}

+ (x2
5 + x2

6 + x2
7)
{

(x2
5 − x2

6)2 + (x2
6 − x2

7)2 + (x2
7 − x2

5)2
}

+ 6(x2x3x4 − x5x6x7)2

]
+
x2

84

[
(x2

3 + x2
4 + x2

5)
{

(x2
3 − x2

4)2 + (x2
4 − x2

5)2 + (x2
5 − x2

3)2
}

+ (x2
6 + x2

7 + x2
1)
{

(x2
6 − x2

7)2 + (x2
7 − x2

1)2 + (x2
1 − x2

6)2
}

+ 6(x3x4x5 − x6x7x1)2

]
+
x3

84

[
(x2

4 + x2
5 + x2

6)
{

(x2
4 − x2

5)2 + (x2
5 − x2

6)2 + (x2
6 − x2

4)2
}

+ (x2
7 + x2

1 + x2
2)
{

(x2
7 − x2

1)2 + (x2
1 − x2

2)2 + (x2
2 − x2

7)2
}

+ 6(x4x5x6 − x7x1x2)2

]
+
x4

84

[
(x2

5 + x2
6 + x2

7)
{

(x2
5 − x2

6)2 + (x2
6 − x2

7)2 + (x2
7 − x2

5)2
}

+ (x2
1 + x2

2 + x2
3)
{

(x2
1 − x2

2)2 + (x2
2 − x2

3)2 + (x2
3 − x2

1)2
}

+ 6(x5x6x7 − x1x2x3)2

]
+
x5

84

[
(x2

6 + x2
7 + x2

1)
{

(x2
6 − x2

7)2 + (x2
7 − x2

1)2 + (x2
1 − x2

6)2
}

+ (x2
2 + x2

3 + x2
4)
{

(x2
2 − x2

3)2 + (x2
3 − x2

4)2 + (x2
4 − x2

2)2
}

+ 6(x6x7x1 − x2x3x4)2

]
+
x6

84

[
(x2

7 + x2
1 + x2

2)
{

(x2
7 − x2

1)2 + (x2
1 − x2

2)2 + (x2
2 − x2

7)2
}

+ (x2
3 + x2

4 + x2
5)
{

(x2
3 − x2

4)2 + (x2
4 − x2

5)2 + (x2
5 − x2

3)2
}

+ 6(x7x1x2 − x3x4x5)2

]
+
x7

84

[
(x2

1 + x2
2 + x2

3)
{

(x2
1 − x2

2)2 + (x2
2 − x2

3)2 + (x2
3 − x2

1)2
}

+ (x2
4 + x2

5 + x2
6)
{

(x2
4 − x2

5)2 + (x2
5 − x2

6)2 + (x2
6 − x2

4)2
}

+ 6(x1x2x3 − x4x5x6)2

]
+

2

147

7∑
i=1

7∑
j=1

{
x5
i (xi − xj)2 +

1

2
x3
i (x

2
i − x2

j)
2 +

1

4
xi(x

3
i − x3

j)
2

}
.

65



4. The case of 9 variables.

R1(4) is computed as

R1(4) =
1

864

9∑
i=1

xi
∑
σ∈S4

(
x2
ν4(i+σ(1)) − x2

ν4(i+σ(2))

)2

·
{
x4
ν4(i+σ(1)) + x2

ν4(i+σ(1))x
2
ν4(i+σ(2)) + x4

ν4(i+σ(1)) + x2
ν4(i+σ(3))x

2
ν4(i+σ(4))

+ (x2
ν4(i+σ(1)) + x2

ν4(i+σ(2)))x
2
ν4(i+σ(3))

}
.

In addition

1

8 · 9

9∑
i=1

9∑
j=1

S1,4(xi, xj)

=
8

567

9∑
i=1

9∑
j=1

{
2−1x7

i (xi − xj)2 + 2−2x5
i (x

2
i − x2

j)
2 + 2−3xi(x

4
i − x4

j)
2

+ 2−4x7
j(xi − xj)2 + 2−5x5

j(x
2
i − x2

j)
2 + 2−6xj(x

4
i − x4

j)
2
}

=
1

63

9∑
i=1

9∑
j=1

{
1

2
x7
i (xi − xj)2 +

1

4
x5
i (x

2
i − x2

j)
2 +

1

8
xi(x

4
i − x4

j)
2

}
.

Then,

1

9

9∑
i=1

x9
i −

9∏
i=1

xi

=
1

864

9∑
i=1

xi

{
P (xν4(i+1), xν4(i+2), xν4(i+3), xν4(i+4) )

+ P (xν4(i+1), xν4(i+3), xν4(i+4), xν4(i+2) ) + P (xν4(i+1), xν4(i+4), xν4(i+2), xν4(i+3) )

+ P (xν4(i+2), xν4(i+3), xν4(i+4), xν4(i+1) ) + P (xν4(i+2), xν4(i+4), xν4(i+1), xν4(i+3) )

+ P (xν4(i+3), xν4(i+4), xν4(i+1), xν4(i+2) ) + P (xν4(i+5), xν4(i+6), xν4(i+7), xν4(i+8) )

+ P (xν4(i+5), xν4(i+7), xν4(i+8), xν4(i+6) ) + P (xν4(i+5), xν4(i+8), xν4(i+6), xν4(i+7) )

+ P (xν4(i+6), xν4(i+7), xν4(i+8), xν4(i+5) ) + P (xν4(i+6), xν4(i+8), xν4(i+5), xν4(i+7) )

+ P (xν4(i+7), xν4(i+8), xν4(i+5), xν4(i+6) )
}

+
1

18

9∑
i=1

xi

(
4∏
j=1

xν4(i+j) −
8∏
j=5

xν4(i+j)

)2

+
1

63

9∑
i=1

9∑
j=1

{
1

2
x7
i (xi − xj)2 +

1

4
x5
i (x

2
i − x2

j)
2 +

1

8
xi(x

4
i − x4

j)
2

}
,
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where

P (x, y, z, w) = (x2 − y2)2
{

4(x4 + x2y2 + y4 + z2w2) + 2(x2 + y2)(z2 + w2)
}
.
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Part VI

Appendix C: Stability of the Young and Hölder
inequalities

Abstract. We give a simple proof of Aldaz’ stability version of the Young and Hölder inequal-
ities and further refinements of available stability versions of those inequalities.

2000 Mathematics Subject Classification: 26D15

Keywords: Young’s inequality, Hölder’s inequality

1 Introduction

In this paper, we study the Young and Hölder inequalities from the point of view of the deviation
from equalities with better upper and lower bound estimates. Particularly, we give a further
refinement of Aldaz’ stability type inequalities [1] as well as a simple proof based exclusively on
an algebraic argument with the standard Young inequality.

Throughout this paper, the following remainder function [7] plays an important role:

R(θ; a, b) = θa+ (1− θ)b− aθb1−θ, (VI.1.1)

where a, b > 0 and 0 ≤ θ ≤ 1.
The standard Young inequality is described as

R(θ; a, b) ≥ 0, (VI.1.2)

which may be used without particular comments. The standard Hölder inequality follows from
(VI.1.2) and the equality∫

Ω

|fg|dµ = ‖f‖p‖g‖p′
(

1−
∫

Ω

R

(
1

p
;
|f |p

‖f‖pp
,
|g|p′

‖g‖p′p′

)
dµ

)
(VI.1.3)

for all f ∈ Lp(Ω, µ)\{0} and g ∈ Lp
′
(Ω, µ)\{0}, where Lq(Ω, µ) is the Banach space of q-th

integrable functions on a measure space (Ω, µ) with norm ‖ · ‖q, 1 < q <∞, and p′ is the dual
exponent of p defined by 1/p+ 1/p′ = 1.

The purpose in this paper is to give a clear understanding of the standard Young and Hölder
inequalities on the basis of upper and lower bound estimates on the remainder function R(θ; a, b).
In Section 2, we reexamine the multiplication formula on R(θ; a, b) [7] and present its dual
formula. As a corollary, we give an algebraic proof of Aldaz’ stability type inequalities for the
Young and Hölder inequalities [1]. In Section 3, we compare upper and lower bound estimates
on R(θ; a, b) in [1,3,6,7]. In Section 4, we give dyadic refinements of the multiplication formulae
on R(θ; a, b) with their straightforward corollaries on (VI.1.3) and discuss the associated dyadic
refinements of the Hölder inequality.
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There are many papers on the related subjects. We refer the reader to [1,3–8] and references
therein.

We close the introduction by giving some notation to be used in this paper. For a, b ∈ R we
denote by a ∧ b and a ∨ b their minimum and maximum, respectively.

2 Multiplication Formulae

In this section, we revisit the original multiplication formula on R(θ; a, b) [7] in connection
with Aldaz’ stability type inequalities [1]. First of all, we recall Kichenassamy’s multiplication
formula.

Proposition 2.1 (Kichenassamy [7]). Let θ and σ satisfy 0 ≤ θ, σ ≤ 1. Then, the equality

R(θσ; a, b) = θR(σ; a, b) + b1−σR(θ; aσ, bσ) (VI.2.1)

holds for all a, b > 0.

proof. The proposition follows from the equality

R(σθ, a, b) = σθa+ (1− θσ)b− aσθb1−σθ

= θ
(
σa+ (1− σ)b− aσb1−σ)+ θaσb1−σ + (1− θ)b− aσθb1−σθ

= θR(σ, a, b) + b1−σ(θaσ + (1− θ)bσ − aσθbσ(1−θ)).
Q.E.D.

Corollary 2.2. Let θ and σ satisfy 0 < θ ≤ σ < 1. Then, the equality

R(θ; a, b) =
θ

σ
R(σ; a, b) + b1−σR

( θ
σ

; aσ, bσ
)

(VI.2.2)

holds for all a, b > 0.

Proposition 2.3. Let θ and σ satisfy 0 ≤ θ ≤ σ < 1. Then, the equality

R(σ, a, b) =
1− σ
1− θ

R(θ, a, b) + aθR

(
σ − θ
1− θ

, a1−θ, b1−θ
)
. (VI.2.3)

holds for all a, b > 0.

Remark 2.4. The equality (VI.2.3) is regarded as a dual formula for R(θ; a, b) in the sense that
1− σ
1− θ

+
σ − θ
1− θ

= 1.

Proof of Proposition 2.3.

R(σ, a, b)

= σa+ (1− σ)b− aσb1−σ

=
1− σ
1− θ

(
θa+ (1− θ)b− aθb1−θ

)
+
σ − θ
1− θ

a+
1− σ
1− θ

aθb1−θ − aσb1−σ

=
1− σ
1− θ

R(θ, a, b) + aθ
(σ − θ

1− θ
a1−θ +

1− σ
1− θ

b1−θ − aσ−θb(1−θ)
(

1−σ−θ
1−θ

))
.
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Q.E.D.

Corollary 2.5. Let θ and σ satisfy 0 ≤ θ ≤ σ < 1. Then, the equality

R(θ; a, b) =
1− θ
1− σ

R(σ; a, b)− 1− θ
1− σ

aθR
(σ − θ

1− θ
; a1−θ, b1−θ

)
(VI.2.4)

holds for all a, b > 0.

Remark 2.6. Propositions 2.1 and 2.3 are equivalent. In fact, it follows form the reciprocal
formula R(θ; a, b) = R(1− θ, b, a) and Proposition 2.1 that

R(σ; a, b) = R(1− σ; b, a)

=
1− σ
1− θ

R(1− θ; b, a) + a1−(1−θ)R
(1− σ

1− θ
; b1−θ, a1−θ

)
=

1− σ
1− θ

R(θ; a, b) + aθR
(σ − θ

1− θ
; a1−θ, b1−θ

)
,

which is precisely (VI.2.3). Conversely, given θ and σ with 0 < θ ≤ 1, 0 < σ ≤ 1, we put
θ′ = 1− θσ and σ′ = 1− σ. Then, we have 0 ≤ σ′ ≤ θ′ < 1, σ = 1− σ′, θ = (1− θ′)/(1− σ′),
and θσ = 1− θ′. By the reciprocal formula and Proposition 2.3, we have

R(θσ; a, b) = R(1− θ′; a, b) = R(θ′; b, a)

=
1− θ′

1− σ′
R(σ′; b, a) + bσ

′
R
(θ′ − σ′

1− σ′
; b1−σ′ , a1−σ′

)
=

1− θ′

1− σ′
R(1− σ′; a, b) + bσ

′
R
( 1− θ′

1− σ′
; a1−σ′ , b1−σ′

)
= θR(σ; a, b) + b1−σR(θ; aσ, bσ)

which is precisely (VI.2.1).

Proposition 2.7 (Aldaz [1], Kichenassamy [7]). Let 0 ≤ θ ≤ 1. Then, the inequalities(
θ ∧ (1− θ)

)
(a1/2 − b1/2)2 ≤ R(θ; a, b) ≤

(
θ ∨ (1− θ)

)
(a1/2 − b1/2)2 (VI.2.5)

hold for all a, b > 0.

proof. Though the first inequality of (VI.2.5) is shown in [7], we show the inequalities in (VI.2.5)
for completeness. In the case 0 ≤ θ ≤ 1/2, we use Corollaries 2.2 and 2.5 with σ = 1/2 to obtain

θ(a1/2 − b1/2)2 = 2θR(1/2; a, b) = R(θ; a, b)− b1/2R(2θ; a, b)

≤ R(θ; a, b)

= 2(1− θ)R(1/2; a, b)− 2(1− θ)aθR
(1/2− θ

1− θ
; a1−θ, b1−θ

)
≤ 2(1− θ)R(1/2; a, b) = (1− θ)(a1/2 − b1/2)2. (VI.2.6)

In the case 1/2 ≤ θ ≤ 1, we apply (VI.2.6) with θ replaced by 1− θ to obtain

2(1− θ)R(1/2; b, a) ≤ R(1− θ; b, a) ≤ 2θR(1/2; b, a),
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which is precisely (VI.2.5). Q.E.D.

Remark 2.8. An equivalent couple of inequalities in Proposition 2.7 was proved by Aldaz [1] by
differential calculus. The proof above depends on algebraic identities with the standard Young
inequality.

3 Upper and Lower Bounds of the Remainder Function

In this section, we collect and compare several bounds of the remainder function R(θ; a, b). For
that purpose, we study the upper and lower bound estimates in terms of majorant M(θ; a, b)
and minorant m(θ; a, b) in the form

m(θ; a, b) ≤ R(θ; a, b) ≤M(θ; a, b)

for all a, b > 0. We introduce four couples of the bounds:

[A] mA(θ; a, b) =
(
θ ∧ (1− θ)

)
(a1/2 − b1/2)2,

MA(θ; a, b) =
(
θ ∨ (1− θ)

)
(a1/2 − b1/2)2.

[K] mK(θ; a, b) =
θ(1− θ)

2
(a ∧ b)(log a− log b)2,

MK(θ; a, b) =
θ(1− θ)

2
(a ∨ b)(log a− log b)2.

[H] mH(θ; a, b) =
(
θ ∧ (1− θ)

)∣∣∣aθ∧(1−θ) − bθ∧(1−θ)
∣∣∣1/(θ∧(1−θ)

,

MH(θ; a, b) =
(
θ ∨ (1− θ)

)∣∣∣aθ∨(1−θ) − bθ∨(1−θ)
∣∣∣1/(θ∨(1−θ)

.

[FO] mFO(θ; a, b) =
θ(1− θ)
2(a ∨ b)

(a− b)2,

MFO(θ; a, b) =
θ(1− θ)
2(a ∧ b)

(a− b)2.

Those couples are given respectively in [1], [7], [6], and [3].

Remark 3.1. By the monotonicity property suggested in [7], the remainder function with respect
to θ ∈ [0, 1] is approximated arbitrary precisely by the remainder functions with respect to ratio-
nals which approximate θ. However, the approximation obtained by the monotonicity property
is rather involved. Here, we focus only lower and upper bounds with regard to a difference.

Simple relationships in those couples are summarized in:

Proposition 3.2. Let 0 ≤ θ ≤ 1. Then, the inequalities

mH(θ; a, b) ≤ mA(θ; a, b) ≤ R(θ, a, b) ≤MA(θ; a, b) ≤MH(θ, a, b), (VI.3.1)

mK(θ; a, b) ≤ mFO(θ; a, b) ≤ R(θ, a, b) ≤MK(θ; a, b) ≤MFO(θ, a, b) (VI.3.2)

hold for all a, b > 0.
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proof. By homogeneity, (VI.3.1) follow from the inequality

(xθ − 1)1/θ ≤ (xσ − 1)1/σ (VI.3.3)

for all x ≥ 1 and any θ and σ with 0 ≤ θ ≤ σ. The inequality (VI.3.3) follows from

xθ = (xσ − 1 + 1)θ/σ ≤ (xσ − 1)θ/σ + 1.

Although some inequalities in (VI.3.2) are proved in [2,6], we prove (VI.3.2) for completeness.
By the integral representations [2,6]

R(θ; a, b) = θ(1− θ)
[ ∫ 1

0

∫ t

0

(ta+ (1− t)b)θ−1(sa+ (1− s)b)−θdsdt
]
(a− b)2

=

[ ∫ 1

0

((
θ(1− t)

)
∧
(
(1− θ)t

))
atb1−tdt

]
(log a− log b)2,

we have

mFO(θ; a, b) ≤ R(θ; a, b) ≤MFO(θ; a, b),

mK(θ; a, b) ≤ R(θ; a, b) ≤MK(θ; a, b).

Then, it suffices to prove that

mK(θ; a, b) ≤ mFO(θ; a, b),

MK(θ; a, b) ≤MFO(θ; a, b).

The last two inequalities are equivalent and follow from

x(log x)2 ≤ (x− 1)2

for all x > 0. Q.E.D.

Proposition 3.3. Let 0 < θ < 1 and let

t0(θ) =

(√
2

(θ ∨ (1− θ))
− 1

)2

.

Then, the following inequalities hold for all a, b > 0:

mA(θ, a, b) ≤ mFO(θ, a, b) if (a ∨ b) t0(θ) ≤ a ∧ b, (VI.3.4)

mA(θ, a, b) ≥ mFO(θ, a, b) if 0 < a ∧ b ≤ (a ∨ b) t0(θ). (VI.3.5)

Remark 3.4. Since 0 < θ ∧ (1− θ) ≤ 1/2 ≤ θ ∨ (1− θ) < 1, t0(θ) satisfies

(
√

2− 1)2 < t0(θ) ≤ 1

for all θ with 0 ≤ θ ≤ 1. Proposition 3.3 shows that mFO(θ; a, b) is better than mA(θ; a, b) in a
neighborhood of the diagonal a = b in the quarter plane (0,∞)× (0,∞).

Proof of Proposition 3.3. It is sufficient to show the inequalities (VI.3.4) and (VI.3.5) with 0 <
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a < b. We have

lim
a→0

mA(θ, a, b) = (θ ∧ (1− θ))b ≥ lim
a→0

mFO(θ, a, b) =
θ(1− θ)

2
b,

lim
a→b

mA(θ, a, b)

(a1/2 − b1/2)2
= θ ∧ (1− θ) ≤ lim

a→b

mFO(θ, a, b)

(a1/2 − b1/2)2
= 2θ(1− θ).

Moreover, mA(θ, a, b) = mFO(θ, a, b) is equivalent to the equation

((a/b)1/2 + 1)2 =
2(θ ∧ (1− θ))
θ(1− θ)

. (VI.3.6)

Since the ratio of a/b satisfies (VI.3.6) with given θ is uniquely determined, the inequalities
(VI.3.4) and (VI.3.5) follow. Q.E.D.

To compare MA and MK , we prepare Lambert’s W function, which is defined as the inverse
function of [−1,∞) 3 x 7→ xe1/x ∈ [−1/e,∞). For details, see [2].

Proposition 3.5. Let 0 ≤ θ ≤ 1 and let

t1(θ) = −
√

2(θ ∧ (1− θ)) W

(
−1√

2(θ ∧ (1− θ))
exp

(
−1√

2(θ ∧ (1− θ))

))
,

where t1(0) and t1(1) are understood to be

lim
θ↓0

t1(θ) = lim
θ↑1

t1(θ) = 1.

Then, the following inequalities hold for any a, b > 0:

MA(θ; a, b) ≤MK(θ; a, b) if (a ∧ b) ≤ t1(θ)(a ∨ b), (VI.3.7)

MA(θ; a, b) ≥MK(θ; a, b) if (a ∧ b) ≥ t1(θ)(a ∨ b). (VI.3.8)

Remark 3.6. Since 0 ≤ θ ∧ (1 − θ) ≤ 1/2, t1(θ) satisfies 0 ≤ t1(θ) ≤ 1 for 0 ≤ θ ≤ 1. In the
proof below, we see that 0 < t1(θ) < 1 if 0 < θ < 1. Proposition 3.5 shows that MK(θ; a, b) is
better than MA(θ) in a neighborhood of the diagonal a = b in the quarter plane (0,∞)× (0,∞).

Proof of Proposition 3.5. Let t > 0 satisfy t2 = (a ∧ b)/(a ∨ b). The magnitude correlation of
MA(θ, a, b) and MK(θ; a, b) is coincide with that of√

(a ∨ b)−1MA(θ, a, b) = 1− t

and √
(a ∨ b)−1MA(θ, a, b) = −

√
2(θ ∧ (1− θ)) log t.

74



Let f(t) = 1− t+
√

2(θ ∧ (1− θ)) log(t). We have f(t1(θ)) = 0, since

−t1(θ)√
2(θ ∧ (1− θ))

exp

(
−t1(θ)√

2(θ ∧ (1− θ))

)

=
−1√

2(θ ∧ (1− θ))
exp

(
−1√

2(θ ∧ (1− θ))

)
,

which is rewritten as

exp

(
1− t1(θ)√

2(θ ∧ (1− θ))

)
= t1(θ)−1,

and moreover,

1− t1(θ) = −
√

2(θ ∧ (1− θ)) log(t1(θ)).

In addition,

f ′(t) = −1 +
√

2(θ ∧ (1− θ))/t.

Then, the inequalities (VI.3.7) and (VI.3.8) follow form the table below.

t 0 · · · t1(θ) · · ·
√
2
(
θ ∧ (θ − 1)

)
· · · 1

f ′(t) ∞ + + + 0 − −

f(t) −∞ ↗ 0 ↗ + ↘ 0

Q.E.D.

4 Dyadic Refinements of Multiplication Formulae and their Appli-
cations

In this section, we give dyadic refinements of the multiplication and dual multiplication for-
mulae on the remainder function R(θ; a, b) and their applications. By the reciprocal formula
R(θ; a, b) = R(1 − θ; b, a), it is important to describe the formation of the remainder function
as θ → 0 and θ → 1/2 with the principal terms 2θR(1/2; a, b) and 2(1− θ)R(1/2; a, b). For that
purpose, we utilize dyadic decomposition.

Proposition 4.1. Let θ satisfy 0 < θ ≤ 2−n with an integer n ≥ 1. Then, the equality

R(θ, a, b) = θ

n∑
j=1

2j−1b1−21−j(a2−j − b2−j)2 + b1−2−nR(2nθ, a2−n , b2−n) (VI.4.1)

holds for all a, b > 0.
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proof. We apply Corollary 2.2 with σ = 1/2 to obtain

R(θ; a, b) = θ(a1/2 − b1/2) + b1/2R(2θ; a1/2, b1/2),

b1−2−jR(2jθ; a2−j , b2−j)

= b1−2−j
(
2j+1θR(1/2; a2−j , b2−j) + b2−j−1

R(2j+1θ; a2−j−1

, b2−j−1

)
)

= 2jθb1−2−j(a2−j − b2−j)2 + b1−2−j−1

R(2j+1θ; a2−j−1

, b2−j−1

)

for any j with 1 ≤ j ≤ n. Then, (VI.4.1) follows immediately. Q.E.D.

Proposition 4.2. Let θ satisfy (2m−1 − 1)/(2m − 1) ≤ θ ≤ 1/2 with an integer m ≥ 1. Then,
the equality

R(θ; a, b) = (1− θ)(a1/2 − b1/2)2

− (1− 2θ)
m∑
j=1

2j−1aθb(1−θ)(1−21−j)
(
a(1−θ)2−j − b(1−θ)2−j

)2

− 2(1− θ)aθb(1−θ)(1−2−m)R
(

2m · 1/2− θ
1− θ

; a(1−θ)2−m , b(1−θ)2−m
)

(VI.4.2)

holds for all a, b > 0.

proof. We apply Corollary 2.5 with σ = 1/2 to obtain

R(θ; a, b) = (1− θ)(a1/2 − b1/2)2 − 2(1− 2θ)aθR
(1/2− θ

1− θ
; a1−θ, b1−θ

)
. (VI.4.3)

Then, (VI.4.2) follows by applying Proposition 4.1 to the last term on the right hand side of
(VI.4.3) with 0 ≤ (1/2− θ)/(1− θ) ≤ 2−m. Q.E.D.

Corollary 4.3. Let 0 ≤ θ ≤ 1/2. Then, the inequalities

θ(a1/2 − b1/2)2 +
(
(2θ ∧ (1− 2θ)

)
b1/2(a1/4 − b1/4)2

≤ R(θ; a, b)

≤ (1− θ)(a1/2 − b1/2)2 − (1− 2θ)aθ
(
a(1−θ)/2 − b(1−θ)/2

)2

− 2
(
θ ∧ (1− 2θ)

)
aθb(1−θ)/2

(
a(1−θ)/4 − b(1−θ)/4

)2

(VI.4.4)

hold for all a, b > 0.

Corollary 4.4. Let 1/2 ≤ θ ≤ 1. Then, the inequalities

(1− θ)
(
a1/2 − b1/2

)2
+
((

2(1− θ)
)
∧ (2θ − 1)

)
a1/2

(
a1/4 − b1/4

)2

≤ R(θ; a, b)

≤ θ
(
a1/2 − b1/2

)2 − (2θ − 1)b1−θ(aθ/2 − bθ/2)2

− 2
(
(1− θ) ∧ (2θ − 1)

)
a(1−θ)/2bθ

(
aθ/4 − bθ/4

)2
(VI.4.5)

hold for all a, b > 0.
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Remark 4.5. Some of the lower bounds in Corollaries 4.3 and 4.4 may be found already in [7],
Section 3.2

Remark 4.6. The inequalities (VI.4.4) and (VI.4.5) improve (VI.2.5). The inequalities (VI.2.5)
become an equality when θ = 1/2, while (VI.4.4) become an equality when θ = 0, 1/2 and (VI.4.5)
become an equality when θ = 1/2, 1.

We are now in a position to apply the equalities above to Hölder type inequalities.

Theorem 1. Let p satisfy 2 ≤ p <∞ and let m and n be unique integers satisfying{
2n ≤ p < 2n+1, n ≥ 1,

(2m+1 − 1)/(2m − 1) ≤ p < (2m − 1)/(2m−1 − 1), m ≥ 1.

Then, the equalities

‖f‖p‖g‖p′
(

1− 1

p′

∫
Ω

(
|f |p/2

‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

)2

dµ

+

(
1

p′
− 1

p

) m∑
j=1

2j−1

∫
Ω

|f |
‖f‖p

|g|1−21−j

‖g‖1−21−j

p′

(
|f |(p−1)2−j

‖f‖(p−1)2−j
p

− |g|
2−j

‖g‖2−j
p′

)2

dµ

+
2

p′

∫
Ω

|f |
‖f‖p

|g|(1−2−m)

‖g‖(1−2−m)
p′

R

(
2m−1p− 2

p− 1
,
|f |(p−1)2−m

‖f‖(p−1)2−m
p

,
|g|2−m

‖g‖2−m
p′

)
dµ

)
= ‖fg‖1

= ‖f‖p‖g‖p′
(

1− 1

p

n∑
j=1

2j−1

∫
Ω

|g|p′(1−21−j)

‖g‖p
′(1−21−j)
p′

(
|f |p2−j

‖f‖p2−jp

− |g|
p′2−j

‖g‖p′2−jp′

)2

dµ

−
∫

Ω

|g|p′(1−2−n)

‖g‖p
′(1−2−n)
p′

R

(
2n

p
,
|f |p2−n

‖f‖p2−np

,
|g|p′2−n

‖g‖p′2−np′

)
dµ

)
(VI.4.6)

hold for all f ∈ Lp(Ω, µ)\{0} and g ∈ Lp′(Ω, µ)\{0}.

proof. The theorem follows from (VI.1.3) and Propositions 4.1 and 4.2 with θ = 1/p, a =

|f |p/‖f‖pp, b = |g|p′/‖g‖p
′

p′ . Q.E.D.
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Corollary 4.7. Let p,m, n be as in Theorem 1. Then, the inequalities

‖f‖p‖g‖p′
(

1− 1

p′

∫
Ω

(
|f |p/2

‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

)2

dµ

+

(
1

p′
− 1

p

) m∑
j=1

2j−1

∫
Ω

|f |
‖f‖p

|g|1−21−j

‖g‖1−21−j

p′

(
|f |(p−1)2−j

‖f‖(p−1)2−j
p

− |g|
2−j

‖g‖2−j
p′

)2

dµ

+
2

p′

(
1− 2m−1p− 2

p− 1

)∫
Ω

|f |
‖f‖p

|g|(1−2−m)

‖g‖(1−2−m)
p′

(
|f |(p−1)2−m−1

‖f‖(p−1)2−m−1

p

− |g|
2−m−1

‖g‖2−m−1

p′

)2

dµ

)
≤ ‖fg‖1

≤ ‖f‖p‖g‖p′
(

1− 1

p

n∑
j=1

2j−1

∫
Ω

|g|p′(1−21−j)

‖g‖p
′(1−21−j)
p′

(
|f |p2−j

‖f‖p2−jp

− |g|
p′2−j

‖g‖p′2−jp′

)2

dµ

− p− 2n

p

∫
Ω

|g|p′(1−2−n)

‖g‖p
′(1−2−n)
p′

(
|f |p2−n−1

‖f‖p2−n−1

p

− |g|
p′2−n−1

‖g‖p′2−n−1

p′

)2

dµ

)
(VI.4.7)

hold for all f ∈ Lp(Ω, µ)\{0} and g ∈ Lp′(Ω, µ)\{0}.

proof. The required inequalities follows from Theorem 1 and Proposition 2.7. Q.E.D.

Corollary 4.8. Let p ≥ 2n with a positive integer n. Then, the inequalities

‖f‖p‖g‖p′
(

1− 1

p′

∥∥∥∥∥ |f |p/2‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

∥∥∥∥∥
2

2

+

(
1

p′
− 1

p

)∥∥∥∥∥ |f |1/2‖f‖1/2
p

(
|f |(p−1)/2

‖f‖(p−1)/2
p

− |g|
1/2

‖g‖1/2
p′

)∥∥∥∥∥
2

2

)
≤ ‖fg‖1

≤ ‖f‖p‖g‖p′
(

1− 1

p

n∑
j=1

2j−1

∥∥∥∥∥ |g|p
′(1/2−2−j)

‖g‖p
′(1/2−2−j)
p′

(
|f |p2−j

‖f‖p2−jp

− |g|
p′2−j

‖g‖p′2−jp′

)∥∥∥∥∥
2

2

− p− 2n

p

∥∥∥∥∥ |g|p
′(1/2−2−n−1)

‖g‖p
′(1/2−2−n−1)
p′

(
|f |p2−n−1

‖f‖p2−n−1

p

− |g|
p′2−n−1

‖g‖p′2−n−1

p′

)∥∥∥∥∥
2

2

)
(VI.4.8)

hold for all f ∈ Lp(Ω, µ)\{0} and g ∈ Lp′(Ω, µ)\{0}.

Remark 4.9. In the case where n = 1 in Corollary 4.8, the coefficients of the upper and lower
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bounds of ‖fg‖1 are symmetric as follows:

‖f‖p‖g‖p′
(

1− 1

p′

∥∥∥∥∥ |f |p/2‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

∥∥∥∥∥
2

2

+

(
1

p′
− 1

p

)∥∥∥∥∥ |f |1/2‖f‖1/2
p

(
|f |(p−1)/2

‖f‖(p−1)/2
p

− |g|
1/2

‖g‖1/2
p′

)∥∥∥∥∥
2

2

)
≤ ‖fg‖1

≤ ‖f‖p‖g‖p′
(

1− 1

p

∥∥∥∥∥ |f |p/2‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

∥∥∥∥∥
2

2

+

(
1

p
− 1

p′

)∥∥∥∥∥ |g|p
′/4

‖g‖p
′/4
p′

(
|f |p/4

‖f‖p/4p

− |g|
p′/4

‖g‖p
′/4
p′

)∥∥∥∥∥
2

2

)
.

Remark 4.10. The inequalities (VI.4.8) improve Aldaz’ stability version of the Hölder inequality
[1]

‖f‖p‖g‖p′
(

1− 1

p′

∥∥∥∥∥ |f |p/2‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

∥∥∥∥∥
2

2

)

≤ ‖fg‖1 ≤ ‖f‖p‖g‖p′
(

1− 1

p

∥∥∥∥∥ |f |p/2‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

∥∥∥∥∥
2

2

)
. (VI.4.9)

As Aldaz observed, (VI.4.9) become

‖f‖p‖g‖p′
(

1− 2

p′

)
≤ ‖fg‖1 = 0 ≤ ‖f‖p‖g‖p′

(
1− 2

p

)
if suppf ∩ suppg = ∅. In this respect, Corollary 4.8 is sharp since both sides of the inequalities
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in (VI.4.8) vanish as follows:

‖f‖p‖g‖p′
(

1− 1

p′

∥∥∥∥∥ |f |p/2‖f‖p/2p

− |g|
p′/2

‖g‖p
′/2
p′

∥∥∥∥∥
2

2

+

(
1

p′
− 1

p

)∥∥∥∥∥ |f |1/2‖f‖1/2
p

(
|f |(p−1)/2

‖f‖(p−1)/2
p

− |g|
1/2

‖g‖1/2
p′

)∥∥∥∥∥
2

2

)

= ‖f‖p‖g‖p′
(

1− 2

p′
+

1

p′
− 1

p

)
= 0,

‖f‖p‖g‖p′
(

1− 1

p

n∑
j=1

2j−1

∥∥∥∥∥ |g|p
′(1/2−2−j)

‖g‖p
′(1/2−2−j)
p′

(
|f |p2−j

‖f‖p2−jp

− |g|
p′2−j

‖g‖p′2−jp′

)∥∥∥∥∥
2

2

− p− 2n

p

∥∥∥∥∥ |g|p
′(1/2−2−n−1)

‖g‖p
′(1/2−2−n−1)
p′

(
|f |p2−n−1

‖f‖p2−n−1

p

− |g|
p′2−n−1

‖g‖p′2−n−1

p′

)∥∥∥∥∥
2

2

)

= ‖f‖p‖g‖p′
(

1− 2

p
− 1

p

n∑
j=2

2j−1 − p− 2n

p

)
= 0.

In addition, (VI.4.8) coincides with the polarization identity

(|f |, |g|) = ‖f‖2‖g‖2

(
1− 1

2

∥∥∥∥∥ |f |‖f‖2

− |g|
‖g‖2

∥∥∥∥∥
2

2

)

when p = 2, where (·, ·) is the standard L2 inner product.
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Part VII

Appendix D: Weighted Lp-boundedness of
convolution type integral operators associated
with bilinear estimates in the Sobolev spaces

Abstract. We study the boundedness of integral operators of convolution type in the Lebesgue
spaces with weights. As a byproduct, we give a simple proof of the fact that the standard Sobolev
space Hs(Rn) forms an algebra for s > n/2. Moreover, an optimality criterion is presented in
the framework of weighted Lp-boundedness.

2000 Mathematics Subject Classification: 26D15, 46E35, 42B

Keywords: Pointwise multiplication, Sobolev spaces

1 Introduction

We study the boundedness of integral operators of convolution type in the Lebesgue space with
weights. A special attention will be made on an optimality criterion with respect to the growth
rate of weights.

To illustrate the problem, we revisit the standard property that the Sobolev space Hs(Rn) =
(1 − ∆)−s/2L2(Rn) forms an algebra for s > n/2 from the point of view from the weighted
L2(Rn)-boundedness of convolution. The corresponding bilinear estimate in the Sobolev space
takes the form

‖uv‖Hs ≤ C‖u‖Hs‖v‖Hs (VII.1.1)

with s > n/2, where

‖u‖Hs = ‖(1−∆)s/2u‖L2 = ‖(1 + |ξ|2)s/2û‖L2 ,

û(ξ) = Fu(ξ) = (2π)−n/2
∫
Rn

exp(−ix · ξ)u(x)dx,

and ∆ is the Laplacian in Rn. The bilinear estimate of this type was may be traced back at
least to the paper by Saut and Temam [15]. There are many papers on further refinements
and improvements on this subject as well as various applications to nonlinear partial differential
equations. (see for instance [2–18] and references therein.)

One of the purpose in this part is to give a simple and elementary proof of (VII.1.1), which
avoids paradifferential technique for instance.

In the Fourier representation, multiplication of functions is realized by convolution of the
corresponding Fourier transformed functions:

F(uv)(ξ) = (2π)n/2(û ∗ v̂)(ξ) = (2π)n/2
∫
Rn
û(ξ − η)v̂(η)dη
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and the estimate (VII.1.1) is equivalent to the bilinear estimate of the form

‖ω(û ∗ v̂)‖L2 ≤ C‖ωû‖L2‖ωv̂‖L2 (VII.1.2)

with ω(ξ) = (1 + |ξ|2)s/2, which is also rewritten as∥∥∥ω(( û
ω

)
∗
( v̂
ω

))∥∥∥
L2
≤ C‖û‖L2‖v̂‖L2 . (VII.1.3)

By a duality argument, (VII.1.3) is equivalent to the trilinear estimate of the form∣∣∣∣∣
∫
Rn

∫
Rn
ω(ξ)

1

ω(ξ − η)

1

ω(η)
û(ξ − η)v̂(η)ŵ(ξ) dη dξ

∣∣∣∣∣
≤ C‖û‖L2‖v̂‖L2‖ŵ‖L2 . (VII.1.4)

By a simple change of variables, (VII.1.4) is equivalent to∣∣∣∣∣
∫
Rn

∫
Rn
ω(ξ + η)

1

ω(ξ)

1

ω(η)
û(ξ)v̂(η)ŵ(ξ + η) dη dξ

∣∣∣∣∣
≤ C‖û‖L2‖v̂‖L2‖ŵ‖L2 . (VII.1.5)

This gives a motivation to study the boundedness of the integrals of the form∫
Rn

∫
Rn
w0(x+ y)w1(x)w2(y)f(x+ y)g(x)h(y) dx dy (VII.1.6)

with weight functions w0, w1, w2, where w1 and w2 are supposedly the inverse weight of w0.
The following theorem is basic in this direction.

Theorem 1. Let 2 ≤ p <∞ and let w0, w1, w2 be nonnegative, continuous functions on [0,∞)
satisfying

M1 ≡ sup
r>0

w#
0 (2r)w2(r)‖w1(| · |)‖Lp(B(r)) <∞, (VII.1.7)

M2 ≡ sup
r>0

w#
0 (2r)w1(r)‖w2(| · |)‖Lp(B(r)) <∞, (VII.1.8)

where

w#
0 (r) = sup

0≤ρ≤r
w0(ρ),

B(r) = {x ∈ Rn; |x| ≤ r}.

Then, the trilinear estimate∫
Rn

∫
Rn
w0(|x+ y|) w1(|x|) w2(|y|) |f(x+ y)g(x)h(y)| dx dy

≤ (M1 +M2)‖f‖Lp‖g‖Lp′‖h‖Lp′ (VII.1.9)

holds for all f ∈ Lp(Rn), g, h ∈ Lp′(Rn), where p′ is the dual exponent defined by 1/p+1/p′ = 1.
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proof. For f ∈ Lp we define the translation by y ∈ Rn by (τyf)(x) = f(x+ y). For S ⊂ Rn we
denote by χS its characteristic function. Then, by the Hölder and Minkowski inequalities, we
obtain ∫∫

|x|≤|y|
w0(|x+ y|)w1(|x|)w2(|y|)|f(x+ y)g(x)h(y)| dx dy

≤
∫∫

w#
0 (2|y|)χB(|y|)(x)w1(|x|)w2(|y|)|τyf(x)g(x)h(y)| dx dy

≤
∫
w#

0 (2|y|)‖χB(|y|)w1(| · |)‖Lp‖τyf · g‖Lp′w2(|y|)|h(y)| dy

≤M1

(∫
‖τyf · g‖pLp′dy

)1/p

‖h‖Lp′

≤M1

(∫ (∫
|f(x+ y)|pdy

)p′/p

|g(x)|p′dx

)1/p′

‖h‖Lp′

= M1‖f‖Lp‖g‖Lp′‖h‖Lp′ .

Similarly, ∫∫
|x|≥|y|

w0(|x+ y|)w1(|x|)w2(|y|)|f(x+ y)g(x)h(y)| dx dy

≤
∫∫

w#
0 (2|x|)χB(|x|)(y)w1(|x|)w2(|y|)|τxf(y)g(x)h(y)| dx dy

≤
∫
w#

0 (2|x|)‖χB(|x|)w2(| · |)‖Lp‖τxf · h‖Lp′w1(|x|)|g(x)| dx

≤M2

(∫
‖τxf · h‖pLp′dx

)1/p

‖g‖Lp′

≤M2

(∫ (∫
|f(x+ y)|pdx

)p′/p

|h(x)|p′dy

)1/p′

‖g‖Lp′

= M2‖f‖Lp‖g‖Lp′‖h‖Lp′ .

Summing those inequalities, we have (VII.1.9). Q.E.D.

Corollary 1.1. Let 2 ≤ p < ∞ and let w0, w1, w2 be nonnegative, continuous functions on
[0,∞) satisfying

M ′
1 = sup

r>0
w0(2r)w2(r)‖w1(| · |)‖Lp(B(r)) <∞, (VII.1.10)

M ′
2 = sup

r>0
w0(2r)w1(r)‖w2(| · |)‖Lp(B(r)) <∞, (VII.1.11)

and the estimate

w0(r) ≤ C ′w0(R) (VII.1.12)
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for any r and R with 0 ≤ r ≤ R with C ′ ≥ 1 independent of r and R. Then, the trilinear
estimate ∫

Rn

∫
Rn
w0(|x+ y|) w1(|x|) w2(|y|) |f(y + x)g(x)h(y)| dx dy

≤ C ′(M ′
1 +M ′

2)‖f‖Lp‖g‖Lp′‖h‖Lp′

holds for all f ∈ Lp(Rn), g, h ∈ Lp′(Rn).

proof. By (VII.1.12), we have w#
0 (2r) ≤ C ′w0(2r) for any r ≥ 0. Then, the corollary follows

from Theorem 1 Q.E.D.

The bilinear estimate (VII.1.1) follows by choosing p = 2, w0(r) = (1 + r2)s/2, w1(r) =
w2(r) = (1 + r2)−s/2 with s > n/2, which ensures the required square integrability. A natural
question then arises in connection with minimal growth rate at infinity in space for w0, 1/w1,
1/w2. Weight functions of the form w(r) = (1 + r2)n/2(1 + log(1 + r))s with s > 1/2 may
be the first candidate with w0 = w, w1 = w2 = 1/w. This is not optimal since w(r) =
(1 + r2)n/2(1 + log(1 + r))1/2

(
1 + log(1 + log(1 + r))

)s
with s > 1/2 has a slower growth with

keeping the required square integrability.
To describe emerging extra logarithmic factors in such an iteration procedure, it is conve-

nient to introduce the following set F consisting of positive, continuous functions w on [0,∞)
satisfying 1/w ∈ L1

loc(0,∞) and the following assumptions (A1) and (A2):

(A1) For any a ∈ R, there exists Ca ≥ 1 such that for any r and R with 0 ≤ r ≤ R, w satisfies
the inequality

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)a

≤ Caw(R)

(∫ R

0

1

w(R)
dρ+ 1

)a

.

(A2) There exists C > 0 such that the inequality

w(2r) ≤ Cw(r)

holds for all r > 0.

Example 1. The function w defined by w(r) = 1 + r belongs to F with Ca = 1 for a ≥ 0,
Ca = ea(−a)−a for a < 0, and C = 2.

Example 2. The function w defined by w(r) = (1 + r)s with s > 1 belongs to F with Ca = 1
for a ≥ −s,

Ca = (−a)−a(a+ s− as)
s+as−a
s−1 s

−2s+a−as
s−1

for a < −s, and C = 2s.

Example 3. The function w defined by w(r) = (1 + r2)s/2 for s ≥ 1 belong to F with Ca = 1
for a ≥ 0,

Ca = sa(−a)−aras,a(1 + r2
s,a)
−a+(a−1)s/2
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for a < 0, where rs,a is defined uniquely by

rs,a(1 + r2
s,a)

s/2−1

(∫ rs,a

0

(1 + ρ2)−s/2dρ+ 1

)
=
|a|
s

and C = 2s.

Example 4. Let w(r) = 1 + log(1 + r). Then,

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−2

≤ w(r)

(∫ r

0

1

1 + ρ
dρ+ 1

)−2

=
1

w(r)
→ 0

as r →∞. This means w 6∈ F.

Example 5. The function w defined by w(r) = (1+r)(1+log(1+r)) belongs to F with Ca = 1
for a ≥ 0,

Ca = (−a)−a(1 + r̃s,a)
−1(1 + log(1 + r̃s,a))

−1(2 + log(r̃s,a))
a

for a < 0, where r̃s,a is uniquely defined by

(2 + log(1 + r̃s,a))
(

1 + log(1 + log(1 + r̃s,a))
)

= |a|,

and C = 2 + 2 log 2.

Remark 1.2. For w ∈ F, we apply (A1) with a = 0 to obtain∫ r

0

1

w(ρ)
dρ

≤
∫ 2r

0

1

w(ρ)
dρ =

∫ r

0

1

w(ρ)
dρ+

∫ r

0

1

w(ρ+ r)
dρ

≤ (1 + C0)

∫ r

0

1

w(ρ)
dρ. (VII.1.13)

Theorem 2. Let 2 ≤ p <∞ and let w ∈ F. Let w0, w1, w2 be defined by

w0(r) = (1 + r)(n−1)/pw(r)1/p

(∫ r

0

1

w(ρ)
dρ+ 1

)−a
,

w1(r) = (1 + r)−(n−1)/pw(r)−1/p

(∫ r

0

1

w(ρ)
dρ+ 1

)−b
,

w2(r) = (1 + r)−(n−1)/pw(r)−1/p

(∫ r

0

1

w(ρ)
dρ+ 1

)−c
with a, b, c ∈ R satisfying either (i) or (ii):

(i) a+ b+ c ≥ 1/p, a+ b > 0, a+ c > 0.

(ii) a+ b+ c > 1/p, a+ b ≥ 0, a+ c ≥ 0.
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Then, there exists C > 0 such that the trilinear estimate∫∫
w0(|x+ y|)w1(|x|)w2(|y|)|f(x+ y)g(x)h(y)|dx dy

≤ C‖f‖Lp‖g‖Lp′‖h‖Lp′ (VII.1.14)

holds for all f ∈ Lp(Rn), g, h ∈ Lp(Rn).

Remark 1.3. In the case where p = 2 and b = c = 0, assumption (i) is equivalent to a ≥ 1/2.
In the case where p = 2 and b = c > 0, assumption (i) is equivalent to a ≥ 1/2−2b with a > −b.
In the case where p = 2 and −a = b = c, assumption (i) breaks down and (ii) is equivalent to
−a = b = c > 1/2.

Proof of Theorem 2. We prove that w0, w1 and w2 defined in the theorem satisfy the as-
sumptions (VII.1.10)-(VII.1.12) in Corollary 1.1. Let r and R satisfy 0 ≤ r ≤ R. By (A1),

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−ap
≤ C−apw(R)

(∫ R

0

1

w(ρ)
dρ+ 1

)−ap
,

which yields

w0(r) ≤ C
1/p
−apw0(R). (VII.1.15)

By (A2) and (VII.1.13),

w0(2r) = (1 + 2r)(n−1)/pw(2r)1/p

(∫ 2r

0

1

w(r)
dρ+ 1

)−a

≤ 2(n−1)/p(1 + r)(n−1)/pC1/pw(r)1/p(1 + C0)(−a)+

(∫ r

0

1

w(ρ)
dρ+ 1

)−a
= 2(n−1)/pC1/p(1 + C0)(−a)+w0(r), (VII.1.16)

which yields

w0(2r)w1(r) ≤ 2(n−1)/pC1/p(1 + C0)(−a)+

(∫ r

0

1

w(r)
dρ+ 1

)−a−b
. (VII.1.17)

We estimate w2(| · |) in Lp(B(r)) as

‖w2(| · |)‖Lp(B(r)) ≤ ω
1/p
n−1

(∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ

)−pc
dρ

)1/p

, (VII.1.18)

where ωn−1 is the surface measure of the unit ball. To estimate the right hand side of (VII.1.18)
and M ′

1 of Corollary 1.1, we distinguish four cases:

(i) c ≤ 0.

(ii) 0 < c < 1/p.
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(iii) c = 1/p.

(iv) c > 1/p.

(i) In the case where c ≤ 0, we estimate∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−pc
dρ ≤

∫ r

0

1

w(ρ)

(∫ r

0

1

w(σ)
dσ + 1

)−pc
dρ

≤

(∫ r

0

1

w(ρ)
dρ+ 1

)1−pc

.

Then, M ′
1 is estimated as follows:

M ′
1 ≤ sup

r>0
2(n−1)/pC1/p(1 + C0)(−a)+

(∫ r

0

1

w(r)
dρ+ 1

)1/p−a−b−c

= 2(n−1)/pC1/p(1 + C0)(−a)+ .

(ii) In the case where 0 < c < 1/p, we estimate∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−pc
dρ =

1

1− pc

((∫ r

0

1

w(σ)
dσ + 1

)1−pc

− 1

)

≤ 1

1− pc

(∫ r

0

1

w(σ)
dσ + 1

)1−pc

.

Then, M ′
1 is estimated as follows:

M ′
1 ≤

1

1− pc
2(n−1)/pC1/p(1 + C0)(−a)+ .

(iii) In the case where c = 1/p, we estimate∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−1

dρ = log

(
1 +

∫ r

0

1

w(ρ)
dρ

)
.
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Since a+ b > 0, M ′
1 is estimated as follows:

M ′
1 ≤ C1/p(1 + C0)(−a)+

· sup
r>0

2(n−1)/p

(∫ r

0

1

w(r)
dρ+ 1

)−a−b
log

(
1 +

∫ r

0

1

w(ρ)
dρ

)
= 2(n−1)/pC1/p(1 + C0)(−a)+ sup

r≥1
r−a−b log r

= 2(n−1)/pC1/p(1 + C0)(−a)+
1

e(a+ b)
.

(iv) In the case where c > 1/p, we estimate∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−pc
dρ

=
1

1− pc

((∫ r

0

1

w(σ)
dσ + 1

)1−pc

dρ− 1

)
≤ 1

pc− 1
.

Since a+ b ≥ 0, M ′
1 is estimated as follows:

M ′
1 ≤

1

pc− 1
2(n−1)/pC1/p(1 + C0)(−a)+ .

M ′
2 is estimated similarly. Then, the estimate (VII.1.14) follows from Corollary 1.1. Q.E.D.

In a way similar to the proof of Theorem 2, we have the following theorem for p =∞.

Theorem 3. Let w ∈ F. Let w0, w1, w2 be defined by

w0(r) =
(∫ r

0

1

w(ρ)
dρ+ 1

)−a
,

w1(r) =
(∫ r

0

1

w(ρ)
dρ+ 1

)−b
,

w2(r) =
(∫ r

0

1

w(ρ)
dρ+ 1

)−c
with a, b, c ∈ R satisfying

a+ b+ c− ≥ 0 and a+ b− + c ≥ 0,

where b− = min(0,−b), c = min(0,−c).
Then, there exists C > 0 such that the trilinear estimate∫∫

w0(|x+ y|)w1(|x|)w2(|y|)|f(x+ y)g(x)h(y)| dx dy ≤ C‖f‖∞‖g‖1‖h‖1
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holds for all f ∈ L∞(Rn), g, h ∈ L1(Rn).

Theorem 2 shows the importance of the class F to the trilinear estimate such as (VII.1.9).
Accordingly, below we study the class F in details. In Section 2, we study a basic property of
F. In Section 3, we introduce arbitrarily and infinitely iterates of logarithm in connection with
F. A part of the arguments in Sections 2 and 3 are essentially given by Ando, Horiuchi, and
Nakai [1]. We revisit them in the present framework for definiteness. In Section 4, we study
optimality of Theorem 1.2.

2 A Basic Property of F

In this section we prove:

Proposition 2.1. For w ∈ F and a ∈ R, we define Wa by

Wa(r) = w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)a

, r ≥ 0.

Then, Wa ∈ F.

proof. By definition, we see that Wa is a positive, continuous function on [0,∞) satisfying
1/Wa ∈ L1

loc(0,∞). By (A2) and Remark 1.2,

Wa(2r) ≤ Cw(r)

(∫ 2r

0

1

w(ρ)
dρ+ 1

)a

≤ C(C0 + 1)a+Wa(r),

where a+ = max(a, 0). It remains to prove that Wa satisfies (A1); For any a, b ∈ R, there exists
Ca,b such that for any r and R with 0 ≤ r ≤ R,

Wa(r)

(∫ r

0

1

Wa(ρ)
dρ+ 1

)b

≤ Ca,bWa(R)

(∫ R

0

1

Wa(ρ)
dρ+ 1

)b

holds. Let 0 ≤ r ≤ R. We note that (A1) property of w is equivalent to Wa(r) ≤ CaWa(R). We
distinguish three cases:

(i) b ≥ 0. (ii) b < 0, a ≥ 0. (iii) b < 0, a < 0.

(i) In the case where b ≥ 0, we estimate

Wa(r)

(∫ r

0

1

Wa(ρ)
dρ+ 1

)b

≤ CaWa(R)

(∫ r

0

1

Wa(ρ)
dρ+ 1

)b

≤ CaWa(R)

(∫ R

0

1

Wa(ρ)
dρ+ 1

)b

,

as required.
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(ii) In the case where b < 0 and a ≥ 0, we first notice that

1

Wa(R)

(∫ R

0

1

Wa(ρ)
dρ+ 1

)|b|

=
1

Wa(R)

(∫ r

0

1

Wa(ρ)
dρ+

∫ R

r

1

Wa(ρ)
dρ+ 1

)|b|

≤ 2(|b|−1)+

Wa(R)

((∫ r

0

1

Wa(ρ)
dρ+ 1

)|b|
+

(∫ R

r

1

Wa(ρ)
dρ

)|b|)

≤ Ca2
(|b|−1)+

Wa(r)

(∫ r

0

1

Wa(ρ)
dρ+ 1

)|b|
+
Ca2

(|b|−1)+

Wa(r)

(∫ R

r

1

Wa(ρ)
dρ

)|b|
. (VII.2.1)

To estimate the second term on the right hand side of the last inequality of (VII.2.1), we remark
that ∫ R

r

1

Wa(ρ)
dρ =

∫ R

r

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−a
dρ

≤
∫ R

r

1

w(ρ)

(∫ r

0

1

w(σ)
dσ + 1

)−a
dρ

≤

(∫ r

0

1

w(σ)
dσ + 1

)−a ∫ R

0

1

w(ρ)
dρ

and

1

Wa(R)
=

1

w(R)

(∫ R

0

1

w(ρ)
dρ+ 1

)−a
≤ 1

w(R)

(∫ r

0

1

w(ρ)
dρ+ 1

)−a
.
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Therefore,

1

Wa(R)

(∫ R

r

1

Wa(ρ)
dρ

)|b|

≤ 1

w(R)

(∫ r

0

1

w(ρ)
dρ+ 1

)−a−a|b|(∫ R

0

1

w(ρ)
dρ

)|b|

≤

(∫ r

0

1

w(ρ)
dρ+ 1

)−a−a|b|
1

w(R)

(∫ R

0

1

w(ρ)
dρ+ 1

)|b|

≤

(∫ r

0

1

w(ρ)
dρ+ 1

)−a−a|b|
· Cb

1

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)|b|

≤ Cb
1

w(r)
( ∫ r

0
1

w(ρ)
dρ+ 1

)a ·
(∫ r

0

1

w(ρ)
( ∫ r

0
1

w(σ)
dσ + 1

)adρ+ 1

)|b|

≤ Cb
1

Wa(r)

(∫ r

0

1

Wa(ρ)
dρ+ 1

)|b|
. (VII.2.2)

Combining (VII.2.1) and (VII.2.2) and taking the inverse of the resulting inequality, we find
that Wa satisfies (A1).

(iii) In the case where b < 0 and a < 0, we use the equality∫ r

0

1

Wa(ρ)
dρ+ 1 =

1

|a|+ 1

(∫ r

0

1

w(ρ)
dρ+ 1

)|a|+1

+
|a|
|a|+ 1

to estimate

Wa(r)

(∫ r

0

1

Wa(ρ)
dρ+ 1

)b

≤ 1

(|a|+ 1)b
w(r)

(∫ r

0

1

w(ρ)
+ 1

)a+(|a|+1)b

≤ (|a|+ 1)|b|Ca+b−abw(R)

(∫ R

0

1

w(ρ)
dρ+ 1

)a+b−ab

= (|a|+ 1)|b|Ca+b−abWa(R)

(∫ R

0

1

w(ρ)
dρ+ 1

)(|a|+1)b

≤ (|a|+ 1)|b|Ca+b−abWa(R)

(∫ R

0

1

Wa(ρ)
dρ+ 1

)b

,
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as required. Q.E.D.

3 Infinitely Iterated Logarithm

In this section, we introduce arbitrarily and infinitely iterated logarithm functions in connection
with class F. The definition is different from that of [1] in the sense that convergence factors
are introduced in terms of the parameter θ ∈ (0, 1].

Definition 3.1. Let 0 < θ ≤ 1. For nonnegative integers n, the following functions lθ,n :
[0,∞)→ R are defined successively by:

lθ,0(r) = 1 + r,

lθ,k(r) = 1 + θ log lθ,k−1(r), k ≥ 1.

Moreover, we define Lθ,k : [0,∞)→ R by

Lθ,k(r) =
k∏
j=0

lθ,j(r).

Remark 3.2. For any k ≥ 0, lθ,k(0) = Lθ,k(0) = 1. Moreover, lθ,k(r) ≥ 1 and Lθ,k(r) ≥ 1 for
all r ≥ 0 since lθ,k and Lθ,k are increasing functions. Explicitly, the derivative l′θ,k is given by

l′θ,k(r) = θk · 1

Lθ,k−1(r)
, r ≥ 0.

By a successive use of the elementary inequality log(1 + r) ≤ r for r ≥ −1,

0 ≤ log lθ,k(r) ≤ θ log lθ,k−1(r) ≤ · · · ≤ θk log lθ,0(r), r ≥ 0.

This implies that for any θ with 0 < θ < 1, the series
∞∑
k=0

log lθ,k(r) converges with estimates

0 ≤
∞∑
k=0

log lθ,k(r) ≤
1

1− θ
log lθ,0(r), r ≥ 0.

Definition 3.3. For any θ with 0 < θ ≤ 1, Lθ is defined by

Lθ(r) =
∞∏
k=0

lθ,k(r), r ≥ 0.

Remark 3.4. By Remark 3.2, if 0 < θ < 1, then Lθ converges with estimates

1 ≤ Lθ(r) ≤ (1 + r)1/(1−θ), r ≥ 0.

If θ = 1 and r > 0, we prove that L1(r) =∞ by contradiction. Assume that L1(r) <∞. Then,
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for any k we have

logL1(r) ≥ logL1,k(r) =

∫ r

0

d

dρ

( k∑
j=0

log l1,j(ρ)

)
dρ

=

∫ r

0

k∑
j=0

1

L1,j(ρ)
dρ

≥
∫ r

0

k∑
j=0

1

L1,k(r)
dρ = r

k∑
j=0

1

L1,k(r)
≥ (k + 1)r

L1(r)
,

which yields a contradiction for k sufficiently large.

The main theorem in this section now reads:

Theorem 4. For any θ with 0 < θ < 1, Lθ ∈ F. Moreover,∫ ∞
0

1

Lθ(r)
dr =∞.

To prove Theorem 4, we introduce some preliminary propositions. From now on, θ denotes
a real number with 0 < θ < 1 without particular comments.

Lemma 3.5. For any a ∈ R, there exists Cθ,a ≥ 1 such that for any r and R with 0 ≤ r ≤ R,

(1 + r)

(∫ r

0

1

Lθ(ρ)
dρ+ 1

)a

≤ Cθ,a(1 +R)

(∫ R

0

1

Lθ(ρ)
dρ+ 1

)a

(VII.3.1)

holds.

proof. For a ≥ 0, (VII.3.1) holds with Ca = 1 by monotonicity. Let a < 0 and let mθ be defined
by

mθ(r) =

∫ r

0

1

Lθ(ρ)
dρ+ 1.

Then,

m′θ(R) =
1

Lθ(R)
≤ mθ(r)

lθ,1(R)lθ,0(R)
≤ mθ(r)

θlθ,1(r)
l′θ,1(R). (VII.3.2)
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By (VII.3.2), we have

mθ(R) = mθ(r) +

∫ R

r

m′θ(ρ)dρ

≤ mθ(r) +
mθ(r)

θlθ,1(r)

∫ R

r

l′θ,1(ρ)dρ

= mθ(r) +
mθ(r)

θlθ,1(r)

(
lθ,1(R)− lθ,1(r)

)
≤ mθ(r)

θlθ,1(r)
lθ,1(R). (VII.3.3)

By Remark 3.2 and (VII.3.3), we obtain

(1 + r)mθ(r)
a =

(
mθ(r)

lθ,1(r)

)a

(1 + r)
(
lθ,1(r)

)a
≤ C

(
mθ(r)

lθ,1(r)

)a

(1 +R)
(
lθ,1(R)

)a
≤ Cθa(1 +R)mθ(R)a

with some constant C, as required. Q.E.D.

Lemma 3.6. For any r, s ≥ 0,

Lθ(lθ,0(s)r) ≤ Lθ(s)Lθ(r). (VII.3.4)

proof. It is sufficient to prove that

lθ,k(lθ,0(s)r) ≤ lθ,k(s)lθ,k(r) (V II.3.5)k

by induction on k ≥ 0. For k = 0,

lθ,0(lθ,0(s)r) = 1 + lθ,0(s)r = 1 + (1 + s)r ≤ (1 + s)(1 + r) = lθ,0(s)lθ,0(r)

Let k ≥ 1 and assume (VII.3.5)k−1. Then,

lθ,k(lθ,0(s)r) = 1 + θ log
(
lθ,k−1(lθ,0(s)r)

)
≤ 1 + θ log

(
lθ,k−1(s)lθ,k−1(r)

)
≤
(

1 + θ log lθ,k−1(s)
)(

1 + θ log lθ,k−1(r)
)

≤ lθ,k(s)lθ,k(r),

which completes the induction argument. Q.E.D.
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Lemma 3.7. For any nonnegative integers k and j, lθ,k+j is represented by lθ,k and lθ,j as

lθ,k+j(r) = lθ,j

(
lθ,k(r)− 1

)
(VII.3.6)

for all r ≥ 0.

proof. We prove (VII.3.6) by induction on j. For j = 0, we have

lθ,k(r) = lθ,0

(
lθ,k(r)− 1

)
for all k ≥ 0 by definition. Let j ≥ 1 and assume that

lθ,k+j−1(r) = lθ,j−1

(
lθ,k(r)− 1

)
holds for all k ≥ 0 and r ≥ 0. Then,

lθ,k+j(r) = 1 + θ log
(
lθ,k+j−1(r)

)
= 1 + θ log

(
lθ,j−1(lθ,k(r)− 1)

)
= lθ,j

(
lθ,k(r)− 1

)
for all k ≥ 0 and r ≥ 0. This completes the induction argument. Q.E.D.

Proof of Theorem 4. Let r, R satisfy 0 ≤ r ≤ R. Then, by Lemma 3.5,

Lθ(r)

(∫ r

0

1

Lθ(ρ)
dρ+ 1

)a

≤ (1 + r)

(
∞∏
k=1

lθ,k(R)

)(∫ r

0

1

Lθ(ρ)
dρ+ 1

)a

≤ Cθ,aLθ(R)

(∫ R

0

1

Lθ(ρ)
dρ+ 1

)a

.

Moreover, since lθ,0(1) = 2, we apply (VII.3.4) with s = 1 to obtain

Lθ(2r) ≤ Lθ(1)Lθ(r).

Therefore, Lθ ∈ F. We prove (VII.3.4). It suffices to prove that there exists a sequence
{rk; k ≥ 0} of positive numbers such that∫ rk

0

1

Lθ(ρ)
dρ→∞

as k → ∞. Let r0 = 1. Then, for any k ≥ 1 there exists a unique rk > 0 such that lθ,k(rk) =
lθ,0(r0) = 2, since lθ,k is an increasing function with lθ,k(0) = 1 and limr→∞ lθ,k(r) = ∞. Let
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0 ≤ ρ ≤ rk. By Lemma 3.7,

Lθ(ρ) = Lθ,k−1(ρ)
∞∏
j=0

lθ,k+j(ρ)

≤ Lθ,k−1(ρ)
∞∏
j=0

lθ,k+j(rk)

= Lθ,k−1(ρ)
∞∏
j=0

lθ,j

(
lθ,k(rk)− 1

)
= Lθ,k−1(ρ)Lθ

(
lθ,k(rk)− 1

)
= Lθ,k−1(ρ)Lθ

(
lθ,0(r0)− 1

)
= Lθ,k−1(ρ)Lθ(1). (VII.3.7)

By (VII.3.6) and (VII.3.7), ∫ rk

0

1

Lθ(ρ)
dρ ≥ 1

Lθ(1)

∫ rk

0

1

Lθ,k−1(ρ)
dρ

=
1

Lθ(1)

1

θk

(
lθ,k(rk)− 1

)
=

1

Lθ(1)

1

θk
→∞

as k →∞, as required. Q.E.D.

4 Optimality of Theorems 2 and 3.

In this section, we consider optimality of Theorems 2 and 3. To this end, we divide weight
functions w ∈ F into two cases:

I :

∫ ∞
0

1

w(r)
dr <∞. II :

∫ ∞
0

1

w(r)
dr =∞.

Theorem 5. Let 2 ≤ p < ∞ and let w ∈ F. Let w0, w1, w2 be as in Theorem 2 with a, b,
c ∈ R.

(1) In the case I, the trilinear estimate in Theorem 2 holds for any a, b, c ∈ R.

(2) In the case II, let a, b, c satisfy one of the conditions (iii), (iv), (v), (vi):

(iii) a+ b+ c < 1/p.

(iv) a+ b < 0.

(v) a+ c < 0.

(vi) a+ b+ c = 1/p and ”a+ b = 0 or a+ c = 0”.
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Then, the trilinear estimate in Theorem 2 fails for some f ∈ Lp(Rn) and g, h ∈ Lp′(Rn).

Remark 4.1. The conditions (iii), (iv), (v), and (vi) in Theorem 5 consist of the negation of
the condition ”(i) or (ii)” in Theorem 2.

proof. In the case I, we easily see the trilinear estimate holds with any a, b, and c. To give a
counter example for the trilinear estimate in the case II, we divide the proof into three cases:

(i) a+ b+ c < 1/p.

(ii) a+ b < 0 or a+ c < 0.

(iii) a+ b+ c = 1/p and ”a+ b = 0 or a+ c = 0”.

(i) In the case where a+ b+ c < 1/p, let δ > 0 satisfy δ 6= 1/p− c and let

f(x) = (1 + |x|)−(n−1)/pw(|x|)−1/p

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−δ

,

g(x) = h(x) = (1 + |x|)−(n−1)/p′w(|x|)−1/p′

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p′−δ

.

Then, f ∈ Lp(Rn) and g, h ∈ Lp′(Rn). For any x ∈ Rn with |x| ≥ 2,∫
1≤|y|≤|x|/2

w0(|x+ y|)f(x+ y)w2(|y|)h(y)dy

=

∫
1≤|y|≤|x|/2

(∫ |x+y|

0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

· (1 + |y|)−(n−1) 1

w(|y|)

(∫ |y|
0

1

w(ρ)
dρ+ 1

)−1/p′−c−δ

dy. (VII.4.1)

By (A1), if 1/p+ a+ δ ≥ 0, then for any y ∈ Rn with 0 ≤ |y| ≤ |x|/2,(∫ |x+y|

0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

≥

(∫ 3|x|/2

0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

=

(
3

2

∫ |x|
0

1

w(3ρ/2)
dρ+ 1

)−1/p−a−δ

≥

(
3C0

2

∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

≥
(

3C0

2
+ 1

)−1/p−a−δ(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

. (VII.4.2)
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Similarly, if 1/p+ a+ δ < 0, then for any y ∈ Rn with 0 ≤ |y| ≤ |x|/2,(∫ |x+y|

0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

≥

(∫ |x|/2
0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

=

(
1

2

∫ |x|
0

1

w(ρ/2)
dρ+ 1

)−1/p−a−δ

≥

(
1

2C0

∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

≥ (2C0)1/p+a+δ

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a−δ

. (VII.4.3)

In addition, if 1/p− c− δ ≥ 0, then for any x ∈ Rn with |x| ≥ 4,∫
1≤|y|≤|x|/2

(1 + |y|)−(n−1) 1

w(|y|)

(∫ |y|
0

1

w(ρ)
dρ+ 1

)−1/p′−c−δ

dy

= ωn−1

∫ |x|/2
1

(
r

1 + r

)n−1
1

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−1/p′−c−δ

dr

≥ 21−nωn−1

1/p− c− δ

((∫ |x|/2
0

1

w(r)
dr + 1

)1/p−c−δ

−
(∫ 1

0

1

w(r)
dr + 1

)1/p−c−δ
)

≥ 21−nωn−1

1/p− c− δ

(
1−

(∫ 2

0

1

w(r)
dr + 1

)−1/p+c+δ
)

·
(∫ |x|/2

0

1

w(r)
dr + 1

)1/p−c−δ

=
21−nωn−1

1/p− c− δ

(
1−

(∫ 2

0

1

w(r)
dr + 1

)−1/p+c+δ
)

·
(

1

2

∫ |x|
0

1

w(r/2)
dr + 1

)1/p−c−δ

≥ 21/p′−c−δ−nωn−1

(1/p− c− δ)C1/p−c−δ
0

(
1−

(∫ 2

0

1

w(r)
dr + 1

)−1/p+c+δ
)

·
(∫ |x|

0

1

w(r)
dr + 1

)1/p−c−δ

. (VII.4.4)
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If 1/p− c− δ < 0, then∫
1≤|y|≤|x|/2

(1 + |y|)−(n−1) 1

w(|y|)

(∫ |y|
0

1

w(ρ)
dρ+ 1

)−1/p′−c−δ

dy

=
21−nωn−1

1/p− c− δ

((∫ 1

0

1

w(r)
dr + 1

)1/p−c−δ

−
(∫ |x|/2

0

1

w(r)
dr + 1

)1/p−c−δ
)

≥ 21−nωn
1/p− c− δ

((∫ 1

0

1

w(r)
dr + 1

)1/p−c−δ

−
(∫ 2

0

1

w(r)
dr + 1

)1/p−c−δ
)

·
(∫ |x|

0

1

w(r)
dr + 1

)1/p−c−δ

. (VII.4.5)

By (VII.4.1), (VII.4.2), (VII.4.3), (VII.4.5), and (VII.4.5), there exists a positive constant C
such that for any x ∈ Rn with |x| ≥ 4,∫

1≤|y|≤|x|/2
w0(|x+ y|)f(x+ y)w2(|y|)h(y)dy

≥ C

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−a−c−2δ

. (VII.4.6)

Finally by (VII.4.6), we have∫∫
w0(|x+ y|)w1(|x|)w2(|y|)|f(x+ y)g(x)h(y)| dx dy

≥ C

∫
|x|≥4

(|x|+ 1)−(n−1) 1

w(|x|)

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p′−a−b−c−3δ

dx

≥ Cωn

(
4

5

)n−1 ∫ ∞
4

1

w(r)

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p′−a−b−c−3δ

dr

≥ Cωn

(
4

5

)n−1
(

log

(∫ ∞
0

1

w(ρ)
dρ+ 1

)
− log

(∫ 4

0

1

w(ρ)
dρ+ 1

))
=∞

with δ ≤ (1/p− a− b− c)/3.

(ii) In the case where a + b < 0 or a + c < 0, by symmetry, it is sufficient to give a counter
example only in the case where a+ b < 0. Let f and g be as in the case (iii) with δ ≤ −(a+ b)/2
and a+ 1/p+ δ 6= 1. Let

h(x) = χB(1)(x)
1

w2(|x|)
.
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Then, by (VII.1.15), (VII.4.4), and (VII.4.5),∫∫
w0(|x+ y|)w1(|x|)w2(|y|)f(x+ y)g(x)h(y) dy dx

≥
∫
|x|≥2

∫
|y|≤1

(∫ |x+y|

0

1

w(ρ)
dρ+ 1

)−a−1/p−δ

dy

· (1 + |x|)n−1 1

w(|x|)

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−b−1/p′−δ

dx

≥ C

∫ ∞
2

1

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−a−b−1−2δ

dr

≥ C

∫ ∞
2

1

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−1

dr

≥ C

(
log

(∫ ∞
0

1

w(ρ)
dρ+ 1

)
− log

(∫ 2

0

1

w(ρ)
dρ+ 1

))
=∞

with some positive constant C, as required.

(iii) In the case where a + b + c = 1/p and a + b = 0 or a + c = 0, by symmetry, it is sufficient
to give a counter example in the case where a+ b = 0. Let

J(r) =

∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−1

dρ+ 1,

f(x) = (1 + |x|)−(n−1)/pw(|x|)−1/p

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p

J(|x|)−1/p−δ,

g(x) = h(x)

= (1 + |x|)−(n−1)/p′w(|x|)−1/p′

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p′

J(|x|)−1/p′−δ

for δ > 0. By (A1),

J(2r) =

∫ 2r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−1

dρ+ 1

≤
∫ r

0

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−1

dρ+ 1

+

∫ r

0

1

w(r + ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−1

dρ+ 1

≤ (1 + C0)J(r). (VII.4.7)
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In addition, with any k ≥ 0 let rk > 0 satisfy∫ rk

0

1

w(ρ)
dρ = 2k − 1,

where rk is determined uniquely, since
∫ r

0
1/w(ρ)dρ is a monotone increasing function of r. Then,

we estimate

J(rk) =
k∑
j=1

∫ rj

rj−1

1

w(ρ)

(∫ ρ

0

1

w(σ)
dσ + 1

)−1

dρ

≥
k∑
j=1

(∫ rj

0

1

w(σ)
dσ + 1

)−1
(∫ rj

0

1

w(ρ)
dρ−

∫ rj−1

0

1

w(ρ)
dρ

)

=
k∑
j=1

2−j(2j − 2j−1) =
k

2
. (VII.4.8)

This shows that J is unbounded. By (VII.4.4), (VII.4.5), and (VII.4.7), for any x ∈ Rn with
|x| ≥ 4 and 0 < δ < 1/p∫

1≤|y|≤|x|/2
w0(|x+ y|)f(x+ y)w2(|y|)h(y)dy

=

∫
1≤|y|≤|x|/2

(∫ |x+y|

0

1

w(ρ)
dρ+ 1

)−1/p−a

J(|x+ y|)−1/p−δ

· (1 + |y|)−(n−1) 1

w(|y|)

(∫ |y|
0

1

w(ρ)
dρ+ 1

)−1

J(|y|)−1/p′−δdy

≥ C

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a

J(2|x|)−1/p−δ

·
∫ |x|/2

1

1

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−1

J(r)−1/p′−δdr

≥ C(1 + C0)−1/p−δ 1

1/p− δ

(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a

J(|x|)−1/p−δ

·
(
J(|x|)1/p−δ − J(1)1/p−δ

)
≥ C(1 + C0)−1/p−δ 1

1/p− δ

(
1− J(2)δ−1/p

)(∫ |x|
0

1

w(ρ)
dρ+ 1

)−1/p−a

· J(|x|)−2δ (VII.4.9)

with some positive constant C. Then, by (VII.4.9) and (VII.4.8), for 0 < δ ≤ 1/(3p), we
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estimate ∫∫
w0(|x+ y|)w1(|x|)w2(|y|)f(x+ y)g(x)h(y) dy dx

≥
∫
|x|≥4

∫
1≤|y|≤|x|/2

w0(|x+ y|)w1(|x|)w2(|y|)f(x+ y)g(x)h(y) dy dx

≥ C(1 + C0)−1/p−δ 1

1/p− δ

(
1− J(2)δ−1/p

)
·
∫ ∞

4

1

w(r)

(∫ r

0

1

w(ρ)
dρ+ 1

)−1

J(|x|)−1/p′−3δdr

≥ C(1 + C0)−1/p−δ 1

1/p− δ

(
1− J(2)δ−1/p

)(
lim
r→∞

log J(r)− log J(4)
)

=∞,

as required.
Q.E.D.

Theorem 6. Let w ∈ F and let w0, w1, and w2 be as in Theorem 2 with a, b, c ∈ R.

(1) In the case I, the trilinear estimate in Theorem 2 holds for any a, b, c ∈ R

(2) In the case II, let a, b, c satisfy either (iii) or (iv) or (v) in Theorem 5, then the trilinear
estimate in Theorem 2 fails for some f ∈ L∞(Rn), g, h ∈ L1(Rn).

(3) In the case II, let a = b = c = 0. Then, the trilinear estimates holds.

proof. The proofs of (1) and (2) are the same as in the proof of Theorem 5, while (3) follows
from the Hölder and Young inequalities as below:∫∫

w0(|x+ y|)w1(|x|)w2(|y|)|f(x+ y)g(x)h(y)| dx dy

≤
∫∫
|f(x+ y)g(x)h(y)| dx dy

=

∫∫
|f(x)g(x− y)h(y)| dy dx

≤ ‖f‖L∞‖g ∗ h‖L1

≤ ‖f‖L∞ ‖g‖L1 ‖h‖L1 .

Q.E.D.
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